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Abstract. The Abhyankar-Sathaye Problem asks whether any biregular em- 
bedding </3 : > C" can be rectified, that is, whether there exists an auto- 
morphism a € Aut C" such that a o is a hnear embedding. Here we study 
this problem for the embeddings ip : ^ whose image X = ip(C'^) is given 
in by an equation p = f{x, y)u + g{x, y, z) = 0, where / G C[x, y]\{0} and 
g £ C[x,y, z]. Under certain additional assumptions we show that, indeed, the 
polynomial p is a variable of the polynomial ring CW = C[x, y, z, u] (i.e., a co- 
ordinate of a polynomial automorphism of C*). This is an analog of a theorem 
due to Sathaye pd] which concerns the case of embeddings ^ C^. Besides, 
we generalize a theorem of Miyanishi Thm. 2] giving, for a polynomial p 
as above, a criterion for as when X = p~-'^(0) ~ C^. 



Contents 



Introduction 



1.1. Affine modifications of UFD's 



1.2. Acyclic varieties 



1.3. Digest on Makar-Limanov and Dcrksen invariants 



1.4. Variables in polynomial ring; 



2. Simple modifications of acyclic 3-folds along cylindrical divisors 



2.1. Simple affine modifications 



2.2. Preserving acyclicity: necessary conditions 



Preliminaries 



2.3. Preserving acyclicity: a criterion 



3. 


Simple affine modifications of C'^ diffcomorphic to I 




3.1. 


Exotic simple modifications of C"^ 






3.2. 


Simple affine modifications of C'"* 


isomorphic to C'^ 




4. 


Simple birational extensions of C'^' 


as variables in C'**' 



1.1. Partial positive result! 



1.2. Simple modifications of C rectifiable in C 



1.3. On Sathaye- Wright's Theorem 
References 



2 
4 
4 
6 

9 

12 
15 
16 
16 
27 
29 
30 
36 
38 
38 
44 
46 
48 



Research of the first author partially supported by the NSA grant MDA904-00-1-0016. 
The third author is grateful to the IHES and to the MPI at Bonn (where a part of the work was 
done) for their hospitality and excellent working conditions. 

1991 Mathematics Subject Classification: 14R10, 14R25. 

Key words: affine space, polynomial ring, variable, affine modification, birational extension. 

1 



2 



SHULIM KALIMAN, STEPHANE VENEREAU, AND MIKHAIL ZAIDENBERG 



Introduction 

Generalizing a theorem of A. Sathayc pof it is proven in JTsI that if a surface 
X — p''^{Q) C C'' with p — fu + g & C^^and f,g £ C[x,y] is acychc (that is, 
H^,{X; Z) — 0) then p is a variable of the polynomial ring i.e., a coordinate of 
an automorphism a £ AutC"^. Thus X can be rectified, and so is isomorphic to 
C^. This does not hold any more in C"' (even with / e C[a::]). Indeed |^, |l^ the 
Russell cubic 3-fold 

X := {p = x'^u + X + y'^ + = 0} C 



is an exotic C"^ i.e., is diffeomorphic to and non-isomorphic to C'^. In 2.28 , 3.21 
and |3.6| below we give a criterion for as when a 3-fold X ~ p^^{Q) C with 

(1) p^f{x,y)u + g{x,y,z)ed^^ {fed^\{0},ged'^) 

is acyclic (resp., is isomorphic to C'^ resp., is an exotic C'^). In particular, we show in 



2.11 that if X is acyclic then actually it is diffeomorphic to R . If furthermore (3.21) 
X is isomorphic to C'^ then any fiber Xx := p^^(A) (A G C) of the polynomial p is 
isomorphic to C'^ as well, and moreover (with an appropriate choice of coordinates 
{x,y)) all fibers of the morphism 

p := {x,p) : ^ 

are reduced and isomorphic to C^. We do not know whether in that case a poly- 
nomial p in (|l|) must be a variable of the polynomial ring C^'*', and p must be a 
trivial family. However, in section ^ in many cases we provide affirmative answers 
to these questions and give simple concrete examples where the answers remain 
unknown. Due to the Quillen-Suslin Theorem, the latter question would be an- 
swered in positive if the following conjecture (3.8.5)] (cf. |3^, 16 ) were true for 



n — 2 ^ dim S: 

Dolgachev-Weisfeiler Conjecture. Let f : X ^ S be a flat affine morphism 
of smooth schemes with every fiber isomorphic (over the residue field) to an affine 
space A^. Then f is locally trivial in the Zariski topology (i.e., is a fiber bundle). 
Whereas the former question (as whether p is a variable of the polynomial ring C*) 
is a particular case (with n = 4 and A; = 3) of the famous 

Abhyankar-Sathaye Embedding Problem: Is it true that any biregular em- 
bedding C*^ ^ C" is rectifiable i.e., is equivalent to a linear one under the action 
of the group Aut C" on C" ? 

Geometrically, the situation can be regarded as follows (cf . jl^ ) . The morphism 
a : (x,y,z,u) i — > (x,y,z) represents the 3-fold X as a birational modification of 
Y :— C^. The latter essentially consists in replacing the divisor D := D{f) C Y 
by the exceptional one E := {f = g — 0} C X . All the important properties 
of X can be recovered in terms of the restriction a\E ■ E ^ D. In our setting 
both E and D are cylindrical surfaces, namely E = C x C and D = T x C, where 
C := D{f) n D{g) C Y is the center of the blowing up a and T -.^ /"^(O) C ^. 
This makes it possible to formulate the criteria mentioned above in terms of the 
natural projection tt : C T, {x,y,z) i — > {x,y), and enables us in concrete 
examples to verify these criteria. 

Let us briefly describe the content of the paper. Section]^ contains preliminaries; 
it can be omitted at the first reading and consulted when necessary. However, some 
results obtained here (and used later on in the proofs) are of independent interest. 
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For instance, this concerns 1.3 where we treat the question for as when a birational 
extension of a UFD is again a UFD. Furthermore, generalizing an observation 
due to V. 



Shpilrain and J.-T. Yu 
polynomials p, q G C[a;i, . . . , Xn] [y] the hypersurfaces in C 
the equations 

q{p{y)) and y ^ p{q{y)) 



33 we claim in 1.31- 1.3^ that for arbitrary 



given respectively by 



y 



are isomorphic and moreover, 1-stably equivalent (see 4.21). We also use the fact 
(see p^.l2| ) that a one-point compactification of an acyclic smooth affine variety is a 
homology manifold which is a homology sphere and satisfies the Alexander duality. 

In section |2| we study the topology of the 3-folds X as above. More generally, we 
work with a 3-fold X = {p ^ fu + g ^ 0} C Y x C, where f,g € C[Y] with Y being 
a smooth acyclic affine 3-fold and D / HO) ^ ^ being a cylinder 13 = F x C over 
an affine curve F (whereas in subsection |2.3| Y itself is supposed to be a cylinder 
over an acycli c affine sur face Z i.e ., Y ~ Z x C, with T C Z). The main results of 
section ^ (see ^.ll| , ^.271 and 2.2i ) provide a criterion for as when such a 3-fold X 
is diffeomorphic to R ^. 

we determine when X — p^^{0) C with p = fu + g as in ([|) 



In subsection 3.1 " 

is an exotic C"^. The main tool used here is Derksen's version of the Makar-Limanov 
invariant |l^, ^ described in subsection |l.3| . 

Subsection 3.2 is devoted to a study of embcddings C'^ ^ given by an equation 
p = fu + g = with / e C[^1\C and g G C''^!. In 3.21 we show that in appropriate 



new coordinates in the {x, j/)-plane, the x-coordinate restricted to any fiber of p 
gives a C^-fibration. On the other hand, the restriction of p to any hyperplane 
X = const is a variable of the polynomial ring C[y, z, u] (in the latter case we say 
in brief that p is a residual x-variahle). 

A complete analog of Theorem 7.2 in |jl^ cited at the beginning holds if the 
polynomial p G is linear with respect to two (and not just one) variables. 
Indeed ( ^^ if the 3-fold X: 



p — a{x, y)u -I- b{x, y)v + c{x, y) = 

in is smooth and acyclic then p e C'''' is a variable. We give a simple criterion 
(in terms of the coefficients a,b,c G C[x,y]) for as when this is the case. 

In section ^ we concentrate on the Abhyankar-Sathaye Problem for our particular 
class of embcddings. The main results |4.2| , f4.16| of subsection 4.1 provide sufficient 
conditions for as when a residual a;-variable p = fu + g G C'"'' as in (|l|) is indeed 
a variable. In 2.8 we define a canonical factorization / = /horiz /slant /vert, and 
we show (4.2) that an embedding C'^ X := p~"'^(0) C can be rectified if 



either the polynomial /horiz is reduced, or /vort = 1- Moreover, in appropriate new 
coordinates {x,y) we have /non-horiz := /siant/vcrt G C[x], and p is an x-variable 
i.e., a variable in C[a;][^] over C[a;]. For instance (see 4^, ^^) this is the case if 
deg^ g < 1, or / is a power of an irreducible polynomial, or else f G C[x] (the latter 
strengthens a result of M. Miyanishi Thm. 2], w here i t is supposed in addition 
that g GC[y,z]). As another examples, we show (see 4.17) that the polynomials 



Pi :— xy'^u + y + xz + xyz^ 



and 



P3 := xy'^u + y + x^ z + x'^yz^ 



are variables of Cl"*' . However, we do not know whether or not so is 



P2 '■— xy'^u + y + x^z + xyz^ 
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(whereas (m) — ^ ^ ^ ^^'^ P2 is a residual x-variable and a C(a;)-variable, 



see 4.9 and 4.18) 



In subsection 4.2 we establish (see |4.23) that every embedding C ^ C given 



by an equation p = fu + 5 = as in (y) can be rectified in . 

In the last subsection (attributed to the second author) we generalize a theo- 
rem of D. Wright which says that Sathaye's Theorem holds for the embeddings 
ir2 , ^ ir3 given by an equation p — fii"- + g = with f,gG C[x,y] and n S N. 



Namely, it is shown in 4.27 that a residual a:- variable of the formp = fu" + g e C''*', 



where f,g € C[x,y, z] and n > 2, actually is an a;- variable. 

1. Preliminaries 

1.1. AfRne modifications of UFD's. We start by recalling the notion of affine 



modification |15|; at the same time, we introduce the notation that will be used 



throughout the paper. 

Notation 1.1. Let F be a reduced, irreducible affine variety over C, A — C[Y] be 
the algebra of regular functions on F, / C A be a non-trivial ideal and / G / be 
a non-zero element of /. The affine modification of the variety Y along the divisor 
Df ~ /*(0) with center I is the affine variety X = spec A', where 

A' := A[I/f] = {a' = ak/.f\ak G l''} C FracA. 

The inclusion A ^ A' corresponds to a birational morphism a : X ^ Y with the 
exceptional divisor E = a-^^{D) — {f o f7)^^(0) C X, where D :— suppD/. The 
restriction a\{X\E) : X\E Y\D is an isomorphism. 

Let D = [Ji^i Di resp., E = [J"^i Ei be the decomposition into irreducible 
components, which we assume to be Cartier divisors. Letting 

n' 

(2) a*{Di) ^^rriijEj, i = l,...,n, 

i=i 

we consider the n x n' multiplicity matrix M„ = (rriij) with non- negative integer 
entries. Clearly, > <^ <^{Ej) C Dj. 



The following simple observation will be useful in 1.4 below. We denote KgEj — 
Ej\s'mgEj and reg£>i = Di\smgDi. 

Lemma 1.2. In the notation as above, suppose that the affine varieties X and Y 
are smooth. If ruij = 1 then (T{Ej) % singD^. Moreover rriij ^ I if and only if 
a{TegEj) C leg Di and a sends the analytic discs in X transversal to Ej at a point 
Q € reg Ej biholomorphically onto analytic discs in Y transversal to Di at the point 
P:=(T(g)ercgA. 

Proof. We may assume that > that is, cr{Ej) C Di. For a point Q G Ej with 
the image P — cr{Q) e Di, we \eiU 3 P resp., V 3 Qhe a. neighborhood such that 
DiflU = /*(0) resp., Ej OV = h*{0), where fi resp., hj is a holomorphic function 
in U resp., V. Then we have 

/, o (7|y = • /l with h{Q)^0, 

which gives the equality of 1-forms: 

(3) dif o a){Q) = m^hJ'''\Q)h{Q) ■ dh,{Q) . 
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Assuming that Q G regEj dhj{Q) ^ 0) and rriij — 1, from (||) we obtain: 

d{foa){Q) = h{Q)-dhj{Q)^0, 

whence df,{P) ^ and daiTgX) % TpD,. This yields the imphcation "=^". 
On the other hand, if P e reg A A!i{P) 7^ 0) and daiTqX) % TpD, then 
d(/ o a){Q) ^ 0, and so by (||) m^- ~ 1, which gives "-<=". □ 

For an algebra _B, denote by B* its group of invertible elements. 



Proposition 1.3. In the notation as in 1.1 above, assume moreover that the alge 



bras A = C[Y] and A' = C[X] are UFD's, and A* = A'*. Then n ^ n' and the 
multiplicity matrix M„ is unimodular. 

Proof. Since the algebras A and A' are UFD's there exist irreducible elements 
/i,...,/„ e A resp., hi,...,hn' £ A' such that A = /f(0), i ^ I,... ,n, resp., 
Ej = h*{0), j = 1, . . . , n'. Clearly, hj — {aj/bj) o a with coprime a^, bj £ A, j = 
1,... ,n'. The regular functions a-,-, 6j do not vanish in Y\D, and hence their 
irreducible factors are proportional to some of the elements /i, . . . , /«. Thus for 
each j = 1, . . . , n' there exists 7^ G A* such that 

n 

(4) /i, = (7,n/rho^ 

1=1 

with TO^j e Z. On the other hand, for each i — 1, . . . ,n there exists Si G A'* = A* 
such that 



(5) /. o a = (5, n ^fe 

fe=i 

Plugging successively and (^) one into another and taking into account the 
assumption that the algebras A' and A are UFD's and ct is a birational morphism, 
we obtain the equalities 



(6) ^m.feTO'fej = i,j ^l, 



. ,n, 



fe=i 



(7) ^ m^^nT-ifc = (^jfe, j,k = l,. 

1=1 



that is, • = /„/ and Ma- ■ M'^ — /„, where Ik denotes the identity matrix of 
order k. Hence n — n' and M' = AI^^, so M„ is unimodular. □ 



Proposition 1.4. Suppose that the varieties X and Y as in 1.1 are smooth, and 
the multiplicity matrix M„ is an upper triangular unipotent square matrix: 

n — n , ma = 1, i = l,...,n, ruij ~ \fi > j . 

Then : -KxiX) 7ri(y) is an isomorphism. 

Proof. Letting G — tti{Y\D), G' — tti{X\E) and a' — cr\x\E, we have that 
ct!|. : G' — > G is an isomorphism which sends the subgroup 

H' := ((as,,... ,aE„)) C G' 
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into the subgroup 

i? := ((q;_Di, . . . ,aD„)) C G , 
where for a hypersurface Z in a complex manifold X , az denotes a vanishing loop 
of Z in X \ Z, whereas for a group G and elements ai, ... ,ak G, ((ai, . . . , Ofc)) 
denotes the minimal normal subgroup of G generated by oi, . . . ,ak- Moreover, 
cr* : 7ri(X) T^iiY) is a surjection with kernel kercr* = H/a'^(H') (see e.g., 
the proof of Prop. 3.1]). Thus we must show that al{H') = H. 
For « = 1 , . . . ,n denote 

-ffj := (("Di, ■ ■ • ,az?.)) CG resp., H- := {{asi, ■ ■ ■ , aE,)) C G' , 

so that = and H!^ = H' . Clearly, a'^{aEi) '-^ (where ~ stands for 
conjugation), whence a'^,{H'i) = Hi. We show by induction that a'^,{Hl) = Hi for 
all i = 1, . . . , n. 



Assume that this equality holds for i — k — 1 < n. As nikk — 1, by 1.2 we may 
conclude that for a general point Q £ E^, P '■— <j{Q) is a smooth point of Dk, and 
a sends biholomorphically a smooth analytic disc transversal to the divisor Ek at 
Q onto a transversal disc to Dk at P. As the matrix M„ is upper triangular we 
obtain o'^[H[) C Hi (z = 1, . . . ,n) and furthermore, crj,(a£;^) ~ an^ mod Hk-i- 
As (Tl(fl"fc_i) = iJfc-i it follows that also cr^ff^) = iJfe, therefore ai{H') = H, as 
desired. □ 

1.2. Acyclic varieties. Recall that the acyclicity of a topological space X means 
that its reduced homology vanishes: H^{X) := (A';Z) = 0. The following 
proposition is an immediate corollary of the above results. 



Proposition 1.5. Assume that the affine varieties X and Y as in 1.1 above are 
smooth and acyclic. Then 

(a) n — n' and the multiplicity matrix Mf, is unimodular. 
If moreover, M„ is an upper triangular unipotent matrix then 

(b) (T* : 'Ki{X) ~f 7ri(y) is an isomorphism. 

(c) X is contractible if and only if so is Y . 

(d) In the latter case the varieties X and Y are both dijjeomorphic to the affine 
space R^™ provided that m :— dime 1^ > 3. 

Proof. By [|[ 1.18-1.20] (see also ||ll|, 3.2]) for any smooth acyclic afEne variety Z 
the algebra C[Z] is UFD and its invertible elements are constants. Thus (a) follows 



from (b) directly follows from L4. In virtue of the Hurewicz and Whitehead 
theorems [0, Ch.2, §11.5, §14.2], an acyclic manifold is contractible if and only if 
it is simply connected. Hence (c) follows from (b). In turn, (d) follows from the 
Dimca-Ramanujam theorem [|[ □ 

1.6. In section 3.2 we will apply the following corollary (see below) of Miyan- 
ishi's characterization of C'^ p^. On the other hand, this corollary also follows 
from [pl and as stated in |16|, Cor. 0.2]. Moreover, by |l|, L. Ill] it would 



be enough to suppose in 1.7 that only general (rather than all) fibers of x were 
isomorphic to C^. 

Theorem 1.7. Let X be a smooth acyclic affine 3-fold. Then X ~ C'^ if and only 
if there exists a regular function x G C[X] with all fibers isomorphic to C^. 
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1.8. It is known |15, Thm.1.1] that any birational niorphisni a : X ^ Y oi afRne 
varieties is an afRne modification. Tlie divisor D C_ Y oi modification and the 
exceptional divisor E (- X of a can be defined as minimal reduced divisors such that 
the restriction a\x\E '■ X\E — > Y\D is an isomorphism. In the next proposition 
and its corollary we provide conditions (more general than those in Thm. 3.1]) 
which guarantee preservation of the homology group under modification. (Note that 
the divisors E and D below do not need to satisfy the assumption of minimality.) 



Proposition 1.9. Given affine varieties X, Y and decompositions 

X ^ {X\E) (JE and Y ^ iY\D) U D, 

where E C X and D C Y are reduced divisors, let a : X Y be a birational 
morphism which respects these decompositions. Suppose that the following hold. 

(i) E^D are topological manifolds, E C vegX, D C regy, and a*{D) = E. 

(ii) The induced homomorphisms 

{a\^), : H^E) ^ H^D) and {<j\^^^), : H4X\E) ^ H4Y\D) 
are isomorphisms. 

Then a<, : i/*(X) H<,{Y) is an isomorphism as well; in particular, X is acyclic 
if and only if Y is so. 



Proof. We apply the Thom isomorphism H, 7.15] to the pairs {X, E) resp., {Y , D) 
(notice that locally near E resp., D these are pairs of topological manifolds). As 
(T*{D) ~ E and (crU)* : Hq{E) Ho{D), a maps the irreducible components 



of E into those of D providing a one-to-one correspondence, and (as in |L2|) sends 
their transverse classes Ch. VIII] to the corresponding transverse classes. By 
functoriality of the cap-product VII. 12. 6] for every i > the following diagram 
is commutative: 



H,iX, X\E) H,^2{E) 



H,{Y, Y\D) H,_2{D) 

t-f. 

(where t stands for the Thom isomorphism, and the homology groups in negative 
dimensions are zero). This allows to replace the relative homology groups in the 
exact sequences of pairs as to obtain the following commutative diagram: 



>H^-i{E) H,{X\E) H,{X) 



^H,^i{D) ^ H,{Y\D) H,{Y) 



H,-2{E) ^H,-iiX\E)- 



By (ii) the four vertical arrows (as shown at the diagram) are isomorphisms, whence 
by the 5-lemma, the middle one is so as well, as stated. □ 
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Actually, the divisors E and D we deal with in section || below are not always 
topological manifolds. However, in our setting we can apply p^.g| by decomposing 
further as follows. 



Corollary 1.10. The same conclusion as in l.i holds if (instead of (i), (ii)) we 
assume that there are decompositions E — E' + E" and D ~ D' + D" satisfying the 
following conditions: 

(i') E'\E", D'\D", E" andD" are topological manifolds. E C legX, D C regF, 

and a*{D'\D") = E'\E" , a*{D") = E" . 
(ii') The induced homomorphisms {'^x\e')* • ^ H^,{Y\D), 

{a\E'\E")*-H,{E'\E")^ H,{D'\D") and {a\E")* : H,{E") ^ H,{D") 

are isomorphisms. 



Proof. Indeed, 1.9 implies that (under our assumptions) 

. TI fv\ n"^ 



(a|^^^„)* : H,{X\E") ^ H,iY\D'- 



is an isomorphism. Now (with E and D in 1.9 replaced by E" resp., D"), l.£ 



implies that cr* : H^{X) H^{Y) is an isomorphism as well. □ 

1.11. Recall H, Ch. 5, §5.3], |, Ch. 2, §8.1][| that a simplicial polyhedron P 
is called a homology n-manifold if for any point p (z P we have i?*(P, P\{p}) = 

i?.(5")& 

Proposition 1.12. Let X be a smooth acyclic affine variety of complex dimension 
n. Then the one-point compactification X of X is a homology 2n-manifold which 
is a homology 2n-sphere: H^{X) = _ff*(iS'^"). In particular, the Alexander duality 
holds for X . 



Proof. Notice first that X is diffeomorphic to the interior of a compact manifold, 
say, Xji with boundary dX^ (indeed, one can take for Xji the intersection of 
X with a ball of a large enough radius R in an affine space 3 X). Hence 
X ~ Xji/dXu ~ Xji UoXr C{dXpi) (with CY denoting the cone over Y), and any 
triangulation of Xr naturally extends to those of X. 

By the Poincare-Lefschetz duality for a manifold with boundary j23[ 5.4.13], 

H^'^-^Xr) = H^Xr, OXr) = H,{XR/dXR) = H,{X) , 

whence X is a homology 2rt-sphere. Using the acyclicity of Xr and of C{dXR) and 
applying the Mayer- Vietoris sequence to the decomposition X = XR\jQXf, C(dXR), 
we see that Hi{X) = Hi^i{dXR). Thus the smooth manifold OXr is a homology 
(2n — l)-sphere. 

Clearly, H^,{X,X\{x}) ^ H^{S^'') for any point x € X = X\{oo}. For the 
vertex a; = oo of the cone C^DXr) and for any i G N, by excision and from the 
exact homology sequence of a pair we obtain: 

H,{X,X\{^}) - H,{C{dXR),C(dXR)\{^}) 

^We are grateful L. Guillou for useful discussions on homology manifolds and references. 
■^Or equivalently, Ht{lk{p)) = where lk{p) denotes the link of p in P, or else, for 

any g-simplex a in P, H,{lk(a)) ^ ff.(5"-9-l). 
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Thereby X is a homology manifold and is a homology 2n-sphere. For any point 
X G X, from the exact homology sequence of the pair {X,X\{x}) it follows that 
X\{x} is acyclic. Now the proof of the Alexander duality for the usual sphere 
5.3.19] goes mutatis mutandis for X (cf. |, Thm. 6.4], ^ p. 176]). □ 

1.3. Digest on Makar-Limanov and Derksen invariants. These invariants 
(introduced in [|9[ |l|, |) allow in certain cases to distinguish space-like affine 



varieties from the affine spaces. On this purpose, we use them in subsection 3.1 (to 
establish |3.6[). Let us first recall the following notions and facts. 



1.13. Locally nilpotent derivations. Let A be an afhne domain over C. A derivation 
d € Der A of A is called locally nilpotent {END for short) if for each a G A there 
exists n = n{a, 9) e N such that 3*^"' (a) = 0; the set of all non-zero locally 
nilpotent derivations of the algebra A is denoted by LND(A). Given d G LND (A), 
the function degg(a) :— min{n(a, d) — 1} is a degree function on A. The kernel 
A^ = ker9 of 9 is a 9-invariant subalgebra of A; its elements are called d-constants. 



For the proof of the following lemma see e.g., [pi Eg, RJ, |, [Rg §7] or \12, 5.1(6)] 



Lemma 1.14. The following statements hold: 

(a) tr.deg [A:A^] = 1. 

(b) The subalgebra A^ is algebraically closed. 

(c) It is factorially closed i.e., uv e ^^\{0} =4» u, v £ A^. 

(d) // u'' +v'^ e ^^\{0} for some kj>2 then u, v £ A^ . 

Moreover, p{u, v) £ A^\C =4> u, v £ A^ for any polynomial p £ C^^l with 
general fibers being irreducible and non-isomorphic to C. 

1.15. Invariants. The Makar-Limanov invariant of the algebra A is the subalgebra 

ML (A) = Pi A^ cA, 

9GLND(A) 

whereas the Derksen invariant: 



Dk {A)=C [j A^ 
aeLND(A) 



cA 



is the subalgebra of A generated by the 9-constants of all locally nilpotent deriva- 
tions on A. If ML(^) — C (resp., Dk(A) — A) then we say that the corre- 
sponding invariant is trivial. This is, indeed, the case for a polynomial algebra 
A = CW (n £ N). 

1.16. Specializations. Let X be an affine variety, and set A = <C[X]. To study 
the locally nilpotent derivations on A, it is possible to proceed by induction on 
the dimension of X. Namely, let d £ LND (A), and let u £ keid be non-zero. As 
d{u-'c) = Vc e C, the principal ideal (u — c) of the algebra A is invariant under d, 
and so d descends to the quotient Be — A/{u — c) = C[S'c], where Sc = u~^(c) is a 
fiber of u. For a general c G C, this specialization dc is a non-zero locally nilpotent 



derivation of the algebra Be (see 1.17 below). Clearly, the restriction to Sc of any 



9-constant v £ ker9 is a 9c-constant. 
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1.17. C+-actions. Otherwise, the above speciahzation can be described via the 
natural correspondence between the locally nilpotent derivations of the algebra A 
and the regular actions of the additive group C+ on the variety X = spec A (e.g., 
see ^). Indeed, the subalgebra ker9 coincides with the algebra of invariants 

of the associated C+-action ip = ipg. If u is a (yC-invariant then clearly, the C+- 
action ip\s^ on a fiber Sc — spec Be of u is associated with the above specialization 
dc- Hence dc E LND {Be) if and only if the C+-action (p\s^ is non-trivial. 

1.18. Jacobian derivations |l3| , [l^ . For an n-tuple of polynomials pi , . . . q £ 
C["l, the Jacobian 

d(q) := jac(pi, . . . ,p„_i, q) = r — 

(regarded as a function of g, whereas the polynomials Pi, . ■ ■ ,Pn-i are fixed) gives 
a derivation on the polynomial algebra C'"! . This derivation is non-zero provided 
that the polynomials pi, . . . ,Pn-i are algebraically independent. For p := pi, the 
principal ideal (p) C C^"! is invariant under d, whence d descents to a derivation 
of the quotient algebra A := C["l/(p) = 'C[X], where X p*{Q) C C" |. Denote 
by JLND(A) the set of all locally nilpotent Jacobian derivations of the algebra A. 
Two derivations d, d' G Der [A) are called equivalent if A^ = A^ . Actually, two 
derivations are equivalent iff they generate the same degree function : degg — 
degg, . We have the following theorem. 

Theorem 1.19. (|13, 1^) If p G C^"' is a non-constant irreducible polynomial then 
every locally nilpotent derivation d G LND (A) (where as above, A — C["l/(p)J is 
equivalent to a Jacobian locally nilpotent derivation d' G JLND (A) . Henceforth, 
we have 



ML (A) = Pi and Dk (A) ^ C [j A^ 

aeJLND(A) 9eJLND(A) 

1.20. Weight degree functions and the associated graded algebras (see e.g., ^ 
p9[). A weight degree function on the algebra A — C[X] = C^'^^/{p) is defined by 
assigning weights di = d{xi) G K to the variables xi, . . . ,Xn G C'"' and letting for 
a£ A: 

dA{a) :-inf{%)|qGC["UU =a}- 

Here as usual 

d{q) = max {d{m) \ m £ Ad (q)} 
with M{q) denoting the set of the monomials m = c„i YVi=i of 9j where d{m) :— 
^"^^ ttidi. The weight degree function : A^MUj— oo} defines an ascending 
filtration {AtjigR of the algebra A with At :— {a £ A \ (i^(a) < t}. We also let 
A'^ := {a £ A \ dA{a) < t} C At, and we consider the associated graded algebra 

A = ^At/A't 

tGR 

(actually, the set of non-zero homogeneous components At/A'^ of the algebra A is 
at most countable). 

•^To simplify the exposition we suppose that X is a hypersurface, whereas the results of 
hold in a more general setting. 
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1.21. Associated homogeneous derivations. For a polynomial q G C^"] , we consider 
its d-principal part (in other words, the principal d-quasihomogeneous part) q := 
l^meMiq) d{m)=d{q) ^'^''^ element a G A, we let a to be its image in the 
graded algebra A (clearly, a E At/A[ with t = dA{a)). Notice that a = q\j^ for a 
polynomial g G C^"' such that q\x — a and d{q) = ^^(a); the latter equality holds 
if and only if ^ 0. 

If (9 G Der (A) is a derivation then the degree 

dA{d) := M{dA{a) - dA{da)\ae A} 

is finite |Q. Letting 

dd := da if dA{a) — dA{da) = dA{d) and dd — otherwise, 

and extending 9 in a natural way to a homogeneous derivation of the graded algebra 
A, we obtain a correspondence Der(A) ^Dergi.(j4). It has the following properties. 

Theorem 1.22. ( |l3| ^) Let p G C^"! be a polynomial with a non-constant, irre- 
ducible d-principal part p. Set X — p^^(O) C C". Then the following hold. 

(a) i~C[X]. 

(b) Ifde LND (A) then d G LND [A), and for any a G A^, a G 

(c) For any non-zero Jacobian derivation 

g ^ d{p, P2, ■ ■ ■ ,Pn-l, *) 
d{xi, ...,Xn) 

of the algebra A = C[X] there exists an equivalent one 

Q, ^ d{p, p'2,...,Pn-l, *) 
d{xi, . . .,Xn) 

such that the d-principal parts p, p'2, . . . ,Pn-i o-f^ algebraically independent. 

(d) // the latter condition holds then the associated derivation d' G-Der(j4) of the 
associated graded algebra A is also a Jacobian one, namely, 

d{xi, . . . ,Xn) 

1.23. Graded invariants. For a graded algebra A, we denote by Dkgr (A) the fol- 
lowing 'graded' version of the Derksen invariant: 



Dkg,(i)=c[ U A 



aeLNDg,.(A) 

The way we use in the next section the Derksen invariant (similar to that of ^ 
^ ) is based on the next simple lemma. 

Lemma 1.24. Given an irreducible hypersurface X C C", suppose that the algebra 
A — C[X] is equipped with a weight degree function dA such that the hypersurface 
X C C" is also irreducible. If 



Dkg,. (A) c i<o := At/A[ c A 



*A similar fact remains true for any afiine domain pl|]. 
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then 

Dk {A) C Ao = {a e A \ dA[a) < 0} . 
Henceforth, X 9^ C"^"'^ unless A — Aq. 



Proof. By 1.22 (a),(b) for every d G LND {A) and for every 9-constant a €E A^, we 
have a E kerd, where d E LNDgr(A), whence a E A<o. Therefore, dyi(a) < i.e., 
a E Ao, as stated. □ 

1.4. Variables in polynomial rings. 

1.25. For a commutative ring we let _B["1 = B[yi, . . . ,y„]. A polynomial p E 
_B["1 is called a B -variable (or simply a variable if no ambiguity occurs) if it is a 
coordinate {p = Pi) of an automorphism /? = {pi,p2,--- ,Pn) & AutsS'"! (thus 
I3\b = ids). The set of all B-variables of is denoted as VarsSl"!. For B = 
C[a;i, • • • a i?-automorphism is called in brief an (xi, • • • , Xn)- automorphism, 

and a _B-variable is also called an {xi, ■ ■ ■ , a;„)-variable. 

Remark 1.26. It is easily seen that a polynomial p E C'"' is an {xi, . . . , Xk)- 
variable (where < fc < n — 1) if and only if X :— p~^{Q) ~ C"~^ and there exists 
d E LND (C["l) with xi, . . . ,Xk E kcid such that dp = 1 (i.e., p is a slice of d). 
Indeed, dp = 1 implies that X can be identified with the orbit space C"/(/7a = 
spec (C'"!)'^'' = spec(ker9) of the associated C+-action ipg on C" (see 1.17| ), and 
so C["l = (ker9)[p] ^SC["-il[p]. 

Notice that as C" ~ X x C, the assumption X ~ C"~^ above is superfluous 
provided that the Zariski Cancellation Conjecture holds. 

1.27. For a polynomial q — q{x,y, z, . . .) E C^"!, we denote by (A E C) the 
specialization q{\, y,z, . . .) E C^""^' . 

We say that a polynomial p{x,yi,--- ,yn) E C[a;] [j/i, • • • , is a residual x- 
variable if for every A G C, the specialization p\ is a variable of C[?/i, • • • , ?/„]. It is 
easily seen that any a:- variable is a residual x- variable. 

1.28. Let f E B. An element h E B is said to be invertible (resp., nilpotent) 
mod / if its image [b] E B/{f) is so. Thus b is nilpotent mod / if and only if 
b E rad (/). Observe that if B is UFD and / — YVi=i IT ^ canonical factorization 
then b E rad (f) ^ b E {f"""^), where f""^ := JlILi f^ ^ B. 

To detect variables in polynomial rings, the following results will be useful. The 
statement (a) below is due to P. Russell Prop. 2.2], and is reproved in [|5| 
basing on (b) (see Prop. 1.4]). 

Proposition 1.29. For a commutative ring B, the following hold. 

(a) For any f , b^, bi E B and q E B[z\ with bi invertible mod / and q nilpotent 
mod /, we have p := fu + bo + biz + q{z) E VarBi?[z, u] . 

(b) For f E B , we let Bj := B/{f), and we denote by p : B Bf the canonical 
surjection. If p E YaTBB[z,u] is such that p{p{z,0)) E YaTBfBf[z] then also 
Pf{z,u) := p{z,fu) E Ya,TBB[z,u]. 

(c) Let B = C[x] and f E B. If p E VarB_B[y, z, u] is such that for every root xq of 
f , the specialization pj^^^iy , z, 0) is a variable of<C[y, z] ^ then also pf(jj, z, u) := 
P{y, fu) e VarBB[y, z, u] . 

^Or equivalently, p{p{y, z,0)) £ Yar B f[y, z]. 
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Proof of (c). It suffices to prove (c) for f — x and then conclude by induction on 
the degree of /. Let 7 e AutBi3[j/, z, u] be such that 7(2/) = p{x,y, z,u). Denote 
7o the specialization of 7 at x = 0. Clearly, 70(2/) = p{0,y, z.u) is a variable of 
C[y, z, u]; in particular, 

C[y,z,u]/{piO,y,z,u))^d^K 

If 4> denotes this isomorphism then 

C[y, z, u]/{p{0, y, z, u),u)^ C^^^/Wu)) . 

By our assumption, p(0, y, z, 0) is a variable of C[y, z], and so |^ 

C[y, z, u]/(p(0, y, z, «), u) ~ C[y, z]/(p(0, y, z, 0)) ~ . 

Hence by the Abhyankar-Moh-Suzuki Theorem, (j){u) is a variable in C^^l . Therefore 
we may assume that 4>{u) — u i.e., there is a C[u]-isomorphism 

CM[y,z]/(p(0,y,z,u))~CMW. 

By the Abhyankar-Moh-Suzuki theorem as generalized by Russell and Sathaye 
Thm. 2.6.2], p(0, y, z, u) is a C[M]-variable of C[u][y, z]. Let ao be the corresponding 
C[u]-automorphism of C[u][y, z] such that ao(y) = p(0, y, z, u), and denote by 7 the 
composition 

7 := 77(7^"o e Auts5[y, z, w] . 

Then we get 

l{y) = 77o'^"o(y) = 77o"^(p(0> y> 2. ")) = 7(2/) = P(a;, V, z, u) 

and 

7(u) = 77Q""'"ao(u) = = u mod x . 

If Uu is the (x, y, z)-automorphism of <C[x)[y^ AW\ defined by ^^(u) — xu then the 
composition (Juicfu^ (which a priori is an x-automorphism of C(x)[y, z, u]) actually 
is a i3-automorphism of i?[y, z, u]. Thus (T„7(T~^(y) = p(a;, y, z, xu) is an x-variable 
of C[a;][y, z, u]. □ 

Corollary 1.30. Let p G C[a:][y, z,u] be an x-variable. 

(a) If for q{x) e C[x], pq :— p{x, y, z, q{x)u) is a residual x-variable then it actu- 
ally is an x-variable. 

(b) Consequently, p{x, y, z, q{x)u) is an x-variable if and only if p{x, y, z, qT-cd{x)u) 
is so. 

Proof, (a) As pq is a residual x-variable, for every root xo of q, ^2:0,0 := p(a^o, y, 0) 
is a variable of C[y, 0, u]. In particular, C[y, z, u]/(pa;(,^o) = C[y, -zJ/Cpxco) ® = 
Cl^l. It follows that C[y, z]/(pa;o,o) = d^l, and then by the Abhyankar-Moh-Suzuki 
Theorem pa;Q^o is a variable of C[y, z]. It follows from 1.29(c) that p{x,y, z, q{x)u) 
is an x-variable, as stated. 

The proof of (b) relies on (a) and on the fact that p(x, y, z, q{x)u) andp(x, y, z, qrcd{^ 
are simultaneously residual x-variables. □ 

The proof of the following results is inspired by those of Thm. 1.1] and 
Thm. 1.4]. 

Proposition 1.31. For any commutative ring B , the following hold. 



^Hereafter under {/, g) we mean the ideal generated by / and g. 
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(a) For arbitrary pair oj polynomials p,q & B[y\ there exists an automorphism 
7 = Ip.q G AutB_B[j/, v\ such that 

i{{y - i{p{y))-,v))= {y - p{q{y)),v) . 

(b) In particular, for q{y) — —ay with a £ B we have: 

liiv + ap{y), v)) = (y + p{ay), v) . 

Moreover, if a^\p{0) then there exists an automorphism jk G AutBi?[y,w] 
such that 

I, , \ \\ , v{o^^^y) X 

lk\{v + ap{y),v))= (yH -^^ ,v) . 

Proof. It is not difficult to verify that the desired automorphism 7 and its inverse 
can be defined as follows : 

j{y)=v + q{y) ( j-^[y) ^v+p{y) 

^y-p{v + q{y)) \ 7"Hw) ^y-l{v + p{y)) ■ 
Iterating 7 yields an appropriate 7/j as needed in (b) . □ 

Corollary 1.32. (a) For any pair p,q G B[y] the homomorphism 
: B[y]/iy-q{piy))) B[y] / [y - p{q{y))) 

y ' — > q{y) 

is an isomorphism. 
(b) In particular, for any a €z B and p £ B[y] the homomorphism 

: B[y]/{y + apiy)) B[y]/{y + p{ay)) 

y I — » ay 

is an isomorphism. Moreover, if a^\p{0) then also 



0, : B[y]/{y + ap{y)) ^ B[y]/{y+Si^) 
is an isomorphism. 



y I — > y 



Proof. We just apply 1.31 and the obvious isomorphism B[y]/ {f{y)) — B[y, v]/{f{y), v) 

□ 

1.33. We denote by SAutCl"' C AutCl"' the subgroup which consists of the au- 
tomorphisms a with the Jacobian jac(Q;) = 1. 

For the polynomial extension B^^l of the algebra S := C[a;], we have the following 
fact. 

Proposition 1.34. (a) For any set of distinct points Ai, . . . , A„ G C, the homo- 
morphism of multi- specialization 

SAutBB[y,z] — > (SAut C[y, z])" 
7 ' — * (7Ai,---,7a„) 

is surjective. 
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(b) The muUi- specialization map 



$' : YaTBB[y,z] — > (VarC[2/, z])" 

P I ' (PAi, • • • ,PA„) 



is surjective. 



Proof. By the Jung-van der Kulk decomposition theorem it is enough to show that 
the image of $ contains the elements ga e(SAut C[2/, z])", where 

ga := (Id, . . . ,Id, a,Id, . . . ,Id) , 

and a € SAut C[y, z] is a triangular automorphism of the form 



either 



"(y) = y + riz) ( a{y) = y 

a{z) — z \ a{z) = z + s{y). 



Indeed, any automorphism /3c : iy,z) i — > (cy + r{z),c^^ z) with c e C* can be 
decomposed as /3c = 5^ o a with a : {y,z) i — > {y + c~^r{z),z) as above and 
Sc ■ iy,z) I — > {cy,c^^z). In turn, we have (5c = 7i ° 7-c, where 7c : iy,z) i — > 
(cz, — c~^y) can be written as 7c = Q^c ° '^c ° Q^c with 

"c : (y> 2:) I — > {y,z~ c^'^y) and Oc : {y, z) \ — > [y + cz, z) . 

Without loss of generality we may assume that ga — (a. Id, . . . ,Id). Let Lp S 
B = C[x] be such that fiXi) = 1, f{X2) = ■■■ = (^(A„) = 0, and consider the 
triangular automorphism 7 G Auts B[y, z], where 

l{y) + ip{x)r{z) ( -i{y) = y 



7(z) = z lesp., I 7(2) = z + (^(a;)s(z). 

It is easily seen that, indeed, $(7) = ga- This proves (a). 

(b) By (a) it suffices to show that every variable p = a{y) G VarcC[y, z] with 
a G AutcC[j/, z] can be regarded as a coordinate function of an automorphism 
a' GSAutC[y, z]. Indeed, let a' := a o a with a : iy,z) 1 — > (y,j^^z), where j := 
jac(Q;). Then a'{y) ~ ct{y) =p and a' GSAut C[a;, i/]. Thus (b) follows. □ 

Remark 1.35. We would like to use this opportunity to indicate a flow in the proof 
of Theorem 7.2 in (which generalizes the Sathaye Theorem, as mentioned in 
the Introduction). Namely, proving Claim 3 of Proposition 7.1 in [ p5[ and carrying 
induction by the multiplicity of a root a; = of the polynomial p, it has been 
forgotten to extend it over all the roots. Instead, one mig ht apply |0| (or p^(b); 
cf. p5|, Thm. 3.6]) which would simplify the proof considerably. 



2. Simple modifications of acyclic 3-folds along cylindrical divisors 

We focus below on a special case of affine modifications called simple birational 
extensions (see 2.1 below), applied to acyclic affine 3-folds. Our aim in this sections 
is to give a criterion for as when the acyclicity is preserved under such a modification 
(cf. Thm. 3.1]). In the special case when the divisor of modification is a 

cylinder, we obtain in Theorem [2.11 below necessary conditions for preserving the 
acyclicity. In Theorem 2.27 (cf. also ^.28 ) we show that these conditions are also 
sufficient, provided that the given acyclic 3-fold is a cylinder as well. 
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2.1. Simple afRne modifications. 

Definition 2.1. A simple birational extension of a domain A (over C) is an algebra 
A' := A[g/f], where f,g ^ A are such that the ideal I = {f,g) C A is of height 
2 (i.e., the center of modification C = V{I) = D'j^'^ fl 0^°'^ is of codimension 2 in 

Y :— spec A). We also call X := spec^' a simple affine modification of the affine 
variety Y. 

In the sequel A is UFD, and the above condition simply means that f,gGA are 
coprime. More generally [p^ Prop. 1.1], any affine modification can be obtained 
as A' = A[gi/fi, . . . ,gn/fn] with fi,gi G A; here again, if A is UFD then we may 
suppose /i, gi being coprime (i = 1, . . . , n). 

2.2. Observe that the variety X = spec A' can be realized as the hypersurface in 

Y X C with the equation fu + g = (where u is a coordinate in C), and the blowup 
morphism is just the first projection: cr = prj^lx '■ X ^ Y. The exceptional divisor 
E = CT-i(C) = o-'HD) = { / = 0} C X is cylindrical: ~ C x C (cf. |l5|. Prop. 
1.1]). 

We have the following simple but useful lemma. 

Lemma 2.3. In the notation as above, assume that the ajfine variety Y := spec A 
is smooth. Then the simple affine modification X = spec A[g/f] is also smooth if 
and only if 

(i) the divisor Dg = g*{0) is smooth and reduced at each point of the center 
C ^ Df^ n D™'*, and 

(ii) D f and Dg meet transversally at those points of C where the divisor Df is 
also smooth and reduced. 

Furthermore, if X is smooth then df = Q at each singular point of the center C . 

Proof. The second assertion easily follows from the first one. To prove the first 
one, let F = be the equation of the hypersurface X QY x <C with F := uf — g E 
C[Y][u] being irreducible. As X\E ~ Y\D is smooth, we should only control the 
smoothness of X at the points of the exceptional divisor 

E = {f = g^O} = CxCCYxC. 
At a point Q — (P, u) E E, we have: 

dF = udf + dg + fdu = udf -\- dg = Q 
if and only if dg = —udf is proportional to df. Now the assertion easily follows. □ 

2.2. Preserving acyclicity: necessary conditions. In this subsection we adopt 
the following convention and notation. 

Convention 2.4. (i) X and Y denote smooth, acyclic affine 3-folds |^ such that 

(ii) A' = C[X] is a simple birational extension of the algebra A = C[Y] i.e., 
A' = A[g/ f] with coprime elements f,gEA, and 

(iii) D :— D'?'^ ~ F x C (where F is an affine curve) is a cylindrical divisor. 



'''Hence the algebras A and A' are UFD's, see the proof of 



1.5. 
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2.5. Denote hy n : D ^ T the morphism induced by the canonical projection 
r X C ^ r. By abuse of notation, we equally denote by tt the restriction Tr\c ■ C 
r. Thus we have the following commutative diagram: 



C 



L> ~ r X 



If C = Ur=i resp., r — ljj=i the irreducible decomposition then the irre- 
ducible components of the divisor E resp., D are Ei ~ Ci x C, resp 

{rriij) the multiplicity matrix of a . 



1.1, 1.2 and 



As in 1.1 we denote by 



> 1 if and only if C, C 



and 



., Dj ~ Tj X C. 
Recall that by 
= 1 if and only if the 



surfaces Dj , Dg C Y meet transversally at general points of the curve Cj. 

The terminology in the following definitions comes from the real picture corre- 
sponding to our situation. 

2.6. Notice that for each j = 1, . . . ,n there exists i E {1, . . . ,n} such that 7r(Cj) C 
Fi, and this index i = is unique unless Trjc^ — const. 

An irreducible component Cj of the curve C is called vertical if 7r|Cj = const 
(i.e. deg(7r|cj. ) = 0) and non-vertical otherwise (thus the vertical components of 
C are disjoint and each of them is isomorphic to C). The uniqueness of the index 
i = i(j) for a non-vertical component Cj and the unimodularity of Ma- (see 1.5) 



imply that the j-th column of the matrix is the i-th vector of the standard 
basis (ei, . . . e„) in M", and two different non- vertical components Cj and Cj> of C 
project into two different irreducible components Ti resp., Ti> of F. Hence up to 
reordering, we may assume that Ci , . . . , are the non- vertical components of C 
and 7r(Ci) C F^, i = 1, . . . , k. Then we have 



Ma 



Ik 





with a unimodular matrix B' . Consequently, for every i = 1, . . . the surfaces 
Dp'^ and Dg^'^ meet transversally at general points of the curve Ci. 



2.7. The irreducible components Fi, . . . , F^ are also called non-vertical resp., F^+i,. . . , F. 
are called vertical. Among the non- vertical components Ci resp., F.^ we distinguish 
those with deg{TT\cj) — 1 which we call horizontal and those with deg(7r|c'^) > 2 
which we call slanted. We reorder again to obtain that Ci, . . . ,Ch resp., Fi, . . . , F^ 
are the horizontal components of C resp., F, and C/i+i, . . . ,Ck resp., Th+i, . . . ,Tk 
are the slanted ones. An irreducible component of C resp., F which is not horizontal 
is refered to as a non-horizontal component; Choriz denotes the union of all horizon- 
tal components of C In the same way we define Cnon-horiz, Cvert, Cnon-vert, Cslant, 

rhoriz, rnon-horiz, -Dhoriz, etc. Thus wc havc: 

h k n 

Thoriz — Tj, Tslaiit — T^, Tvcrt — 7 
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and similarly 

h k n 

C'horiz = Ci, Cslaiit = Ci , Cvcit = C'i ■ 



i=k+l 



2.8. Let furthermore / = IljLi fj^ = /horiz ' /non-horiz be factorizations such that 



/;(0) - D^^ (j - 1, . . . , n), (/horiz)-nO) - i^horiz ^ Thonz X 



and 



(/"non-horiz) (0) — -^non- 



horiz 



non— horiz 



X C. 



2.9. An irreducible component is called isolated if it is a connected component. 

Let us give a typical example which illustrates our definitions. 

Example 2.10. Letting Y = C'^ with coordinates x,y,z, set / ~ xy,g = y + xz. 
Then X = {xyu + y + xz = 0} C C* = Y x C, D = {xy = 0} C , a{x, y, z, u) ^ 
(x, y, z) and E = {xy ^ y + xz = 0} C C*. Therefore, T = {xy = 0} C , Thoriz = 
{y = 0} and Fvcrt = {x = 0} whereas C = Cvort U Choriz with Choriz = {u = z = 0} 
and Lvcrt ^ {x = y ^ 0}. 

The main result of this subsection is the following theorem. 

Theorem 2.11. Let X and Y be smooth acyclic ajfine 3- folds satisfying the con- 
ditions (ii) and (Hi) of \2.^ . Then (in the notation of 2.1-2. i) the following hold. 

(q) 7r| (Choriz \ Cnon — horiz) ■ Choriz \ Cnon— horiz ^ T^oriz \ Tnon— horiz ISOmOT- 

phism. 

{[3) The slanted components Ch+i , ■ . ■ ,Ck and Th+i, . ■ . are isolated and home- 
omorphic to C. 

(7) /non-horiz = fh+1 witk p G C[2;], and every non-horizontal component ofV 
is homeomorphic to the affine line C. In other words, 



non— horiz 



n (A+i-^O"' (ceC*, A„+i = 0) 



with T^ifi^^iiK)) = homeomorphic to C (z = /i + 1, . . . , n). 
(S) Up to a further reordering, the multiplicity matrix has the following form: 







h- 



k-h 



Bo \ 



V I I In-k ) 

Consequently (by c^, : Tri{X) t^iO^) is an isomorphism. Moreover, X is 

contractible (and hence diffeomorphic to M.^) if and only ifY is so. 



The rest of this subsection is devoted to the proof of Theorem 2.11. It is conve- 
nient to introduce the following terminology and notation. 

2.12. Let be a curve. We say that a point P G is multibranch (resp., unibranch) 
if it is a center of fip — fJ,p{F) > 1 (resp., fip = 1) local analytic branches of F. We 
denote by the normalization of F and by F its smooth complete model. The 

points of F\ P"°'™ are called the punctures of F. A morphism of curves p : F ^ G 
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can be lifted to the normalizations resp., the completions; we denote the lift by 

^norm . ^norm ^ pnorm ^ggp_^ p-p^Q. 

2.13. Consider further an irreducible smooth curve F of genus g with n punctures, 
and let the 1-cycles ai , . . . , ag , bi, . . . ,bg on F provide a symplectic basis of the 
group Hi{F) = Hi{F; Z). Then there is an injection Hi(F) ^ Hi{F) onto the 
subgroup generated by the classes [ai], . . . , [ag], [hi], . . . , [bg]; we may identify the 
group Hi{F) with its image in Hi{F). The group Hi(F) being freely generated 
by the classes [ai], . . . , [ag], [bi], . . . , [bg], [ ci], • • ■ , [cn— i], where ci, . . . , Cn are simple 
1-cycles around the punctures of F, we have a (non-canonical) decomposition 

(8) Hi{F)o^Hi{F)®G{F) with G(i^) := ([ci], . . . , [c„]) ~ Z"-i 

(^"^■^[ci] = being the only relation between the generators [ci], . . . , [c„] of the 
group G{F j). 

2.14. We denote by Sr = U 4^' (where 4"' ^ 0) the finite subset of 
the curve F such that a point P belongs to Sr if and only if it satisfies at least one 
of the following three conditions: 

(i) P — 7r(Ci) for a vertical component Ci of C P £ Sp^"*); 

(ii) P — Tr{Q) for a multibranch point Q of C; 

(iii) P is a multibranch point of T. 

2.15. Set Sc = TT-^Sr) C C and = ""-1(4^)' « = 0,1. Thus the analytic 
set Sc contains the union S^^ = Cvcrt of vertical components of C, whereas the 
residue set Sq^ ^ Sc\ S^^ is finite. 

It is easily seen that if Q G S'^'' then over any local analytic branch Bi of F at 
the point P := Tr{Q) there is at least one local analytic branch Aj C Tr^^{Bi)r)Dg^'^ 
of C at Q. Indeed, the surfaces Tr~^ (Bi) ~ i?i x C and Dg meet at Q, and so the 
polynomial g[Tr-'^(Bi) ^ '^[-^ill-^^] vanishes at Q —: {P, zq), but its specialization at P 
is nonzero, as Q G s'^^ means that no vertical component of C passes through Q. 
Consequently fJ^qiC) > /ip(F) and P ^ Fvoit, whence 7r~^(rvcrt) ^ Sq'' = Cvcrt- 

2.16. Wc let F* = F \ S-r (more generally, T*oraethine = Tsomcthing H F*) and C* = 
C\Sc = 7r-i(F*) = 7r-i(FLn-ve..t) C C. 

2.17. For a complex hermitian manifold AI and a closed analytic subset T of M, 
by a /mfc lkp{T) of T at a point P E T wc mean the intersection T O Se of T with 
a small enough sphere Se in il/ centered at P. We also call link the corresponding 
homology class [lkp{T)] & H^{T\ {P}) = H^{T \ {P}; Z), and we still denote it 
simply by lkp{T). 

2.18. We denote by Ht resp.. He the subgroup of the group Hi{T*) = Hi{T*; Z) 
resp., Hi{C*) generated by the linksQ IkpiT) resp., lkQ{C) of the points P e Sr 
resp., Q e -Sc'- Notice that lkp{T) = J2i=i^^pi^i)i where Bi, . . . , Bf^ arc the 



Here we are in the special case when M = X resp., Y and T = C resp. F. 
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local branches of T at P and ^ Mp(r). Clearly, Hr C G{r*) resp., He C G(C*), 
and so we obtain (non-canonical) isomorphisms 

(9) Hi(C*)/Hco^Hi{C^)®[G{C*)/Hc] 
resp., 

(10) Hi{T*)/Hr-H,{f)®[G{r*)/Hr]. 



The next proposition is our main technical tool in the proof of Theorem 2.11 



Proposition 2.19. Under the assumptions as in 2.4, consider the restriction tt = 
TT\c* : C* — > r*. Then tt^{Hc) C Hr, and tt induces the following isomorphisms: 

(11) ^* ■■ Hi{C*)/Hc ^ Hi(T*)/Hr , 

(12) 7f, :i7i(C^)^i?i(f), 

(13) : GiC*)/Hc ^ G{T*)/Hr . 

The proof is based on Lemmas 2.21 and |2.22| below. Let us introduce the fol- 
lowing notation. 

2.20. Denote 

5B = a-i(5c)==S'cxCC£; resp., S-^^*^ = ct"! (S"^')) (i = 0, 1) 

and 

Sd ^ TT'^iSr) ^ D , so that S'z5~S'rxCcrxC~L». 
Furthermore, set 

E* =a-\C*) = E\SE = C*xC resp., D* = n-^T*) = D\Sd :^T* xC 
and 

X*^X\Se resp., Y*^Y\Sd- 

Thus 

X\E = X*\E* resp., y \ D = F* \ D* , 
and so we have an isomorphism 

(t\x.\e' : X*\E* ^Y*\D* . 

Lemma 2.21. There are monomorphisms 

(14) px : HsiX*) ^ HiiC*) resp., py : i73(y*) ^ i/i(r*) 
such that TT^:px = PyO'* and 

: Hi{G*)/px{Hs{X*)) Hi{T*)/ priHsiY*)) 

is an isomorphism. 



Proof. The map of pairs cr|x* : {X*,X*\E*) {Y*,Y*\D*) induces the following 
commutative diagram (where the horizontal lines are exact homology sequences of 
pairs): 
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H,{X*\E*) H,{X*) H,{X*, X*\E*) H,_i{X*\E* 



l<7. 



1<T, 



H,{Y* \ D*) — - H,{Y*) H,{Y\ Y* \ D*) Hi^i{Y* \ D* 



(*i) 



Claim, (a) H^iX* \ E*) = H^iY* \ D*) = and (b) H2{X*) = H2{Y*) = 0. 
Proof of the claim, (a) In virtue of the isomorpliism 

a, : HsiX* \ E*) - HsiX \ E) ^ H^{Y \ D) - H^{Y* \ D*) 

it is enougli to show the vanishing of one of these groups, say, of H^{X \ E). Let as 
before, F denote t he on e-point compactification of a topological space F. As X is 
acyclic (whence by 1.12 , the Alexander duality can be applied to X) and moreover 
E is closed in A", the Alexander duality gives an isomorphism 

(15) H^{X\E) = H^(E,{^}). 

Consider the homeomorphisms E ^ C x R^, E x M^)/(C' V R^) and replace 

here W by S^. Since {C x , C V S^) has the homotopy type of a pair of cell 
complexes, by ||, 4.4] we get 

H^{E, {oo}) = H^{E) = H^{C xS^,CV S^) . 
The Kiinneth formula for cohomology (11.2)] yields a monomorphism 

H: J2 HP{C,{oo})(E)H'^{S^,{oo})=:H^H'^{CxS^,CVS^) 

p+q=2 



with the cokernel 



coker^= Tor(iJP(C',{c5o}),i/9(52,{oo})), 

p+9=3 



As 



H°(C, {oo}) = iJ"(52, {oo}) = Fi(52, {oo}) = 

we have H = 0. The group H*{S^, {oo}) being torsion free, we also have coker/i = 
0, and so H'^iC x 5^, (7 V 5^) = as weh. Thus in view of (|l5|), H^iX \E) = 0. 
This proves (a). 

(b) By the Alexander duality we obtain 

H2{X*) = H2{X \ Se) = H^{Se, {oo}) - H^'iSE) ■ 

The topological space 5'_e is homeomorphic to a bouquet of 4-spheres S'^ and 2- 
spheres 5*^. The 4-spheres are provided by the one-point compactification of the 



product Sq'' X C — Cvort x C (recall (see 2.6) that the components of the curve 



Overt are disjoint and each one is isomorphic to C), whereas the 2-spheres S are 
provided by the one-point compactification of the product 



(0) 



Hence H^{Se) = i?2(A*) = 0. Similarly, we have H2iY* 
claim. 



0. This proves the 
□ 
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In virtue of the above claim, (with i = 3) leads to the commutative diagram 
HsiX*) H3{X*,X*\E*) H2{X*\E*) 



(*2) 



HiiY*) Hz{Y\Y*\D*) H2{Y*\D*) 



Next we apply the Thom isomorp hism 7.15] to the pairs of manifolds {X* ^E*) 
resp., {Y*,D*) (cf. the proof of ITol). Indeed, the curve C* resp., T* being lo- 
cally unibranch (whence homeomorphic to its normalization), E* ~ C * x C re sp., 
D* = r* X C is a topological manifold. Notice that (in virtue of L2 and 2^) a* 
maps the transverse classes ||, Ch. VIII] of E* into those of D*. By functoriality of 
the cap-product VII. 12. 6], for every i >2 the following diagram is commutative: 



H,{X*, X*\E*) H,^2{E*) 

tx 



HdY*, Y*\D*) H,^2{D* 



(*3) 



By making use of (^a) together with the following commutative diagram (see 2.5) 



we may replace in (*2) the group HaiX*, X* \ E*) resp., H-i{Y\ Y* \ D*) by the 
group HiiC*) resp., HiiV*) to obtain a commutative diagram 







H3(X*) Hi{C*) H2{X* \ E*) 



HsiY*) Hi{T*) H2{Y* \ D*) 







(*5) 



where px '■= cr* o tx ° i* resp., py '■— tt* o o The diagram (^5) yields the 
assertions of the lemma. □ 

Lemma 2.22. pxiHsiX*)) ^ He and py{H3{Y*)) = Hr. 

Proof. We start by constructing an appropriate free base of the Z-module H^IX*) 
(resp., H3{Y*)). By the Alexander duality we have isomorphisms 

H3{X*) = H^Se) = H^{s''e'') = , 



SIMPLE BIRATIONAL EXTENSIONS OF THE POLYNOMIAL RING C'^' 



23 



where S*-^^ := sjj^ x C (similarly, HsiY*) ^ Z''«(^r)). Thus H^iX*) = HsiX*) = 
is a free Z-module, and so the universal coefficient formula provides yet 
another form of the Alexander duality: 

H^iX*) - H\S^^^) - H2{SP) (resp., H^iY*) - H2iSD)) 

(see e.g., Ch. 2, §15.5]). Now a free base of H^iX*) can be reconstructed as 
follows. On each component Tq := a'^iQ) = {Q} x C ~ C of s'-^^ (where Q £ S*^"') 
fix a point Q' e Tq, and fix a complex 2-ball Bq, in X transversal to Tq at Q'. 

Then the 3-cycle [sq-] € HsiX*) which corresponds to the 2-cycle [Tq] e ^^2(5*^°^) 
by the Alexander duality, can be represented by a small 3-sphere (say) sq> in Bq, 
centered at Q' @, Ch. 2, §17]. These cycles [sq'] € HsiX*) with 7r(Q') = Q, where 
Q runs over 5^-' form the desired base. 

It is convenient to fix the choice of a point Q' e Tq as follows. Consider the 
curve C C X given by the equations u = f oa = (thus C = EnD^^'^). It is easily 
seen that the restriction (t|C" : C" — > C is an isomorphism. Its inverse C ^ C C E 
is a section of the projection a\E : E ~ C x C ^ C. Letting Q' :— Tq n C" 
and placing the transversal ball Bq, into the divisor D'^'^ = {u = 0} C X (notice 
that by IJ, Q' is a smooth point of D"^'^ ~ Dl'"^), we let Sq, := sq, DC. Then 
(t((5q') —: 6q — lkQ{C) is a link of the curve C at the point Q E C, and so 
G He- We claim that Px([sq']) = [(5q] e Hi{C*), or in other words, that 

Indeed, consider the Zariski open dense subsets X** := X* \singi?* C X* resp., 
regi?* := E* \ singi?* C E*. Let J7 be a smaU tubular neighborhood of the closed 
submanifold reg E* C X** with a retraction t : U reg E* . We have Sq' C reg E* , 
and the class [t"1((5q')] ^ Hs.{X** , X**\iegE*) = H^^iU, U\vegE*) corresponds to 
the class [5qi] under the Thom isomorphism H3{X**, X**\regE*) Hi(jegE*) 
7, Ch. 4, §30]. The Thom isomorphism being functorial under open embeddings 
I VIII.11.5], we have t^H[dQ']) - [t-HSq')] e H-i{X*, X* \ E*). 

The divisors D'^'^ and E* in X* are transversal, and so the 3-sphere sq' is 
transversal to the divisor i?* along the 1-cycle <5q' C E* . Hence sq/HC/ and r~^((5Q') 
represent the same relative homology class in H^iU, U \ legE*) — H^{X** , X** \ 
regE*). This proves the equality Px{[sq']) — [Sq]. 

Therefore, we have shown that pxiH^iX*)) C He, and every element [6q] of 
a free base of the Z-module He is the image of an element [sq,] € H3{X*) with 
<^{Q') — Q- This proves the first equality of the lemma; the proof of the second one 
is similar. □ 

Proof of Proposition 2.1{\ In virtue of p. 21 and 2.22 we have t:^{Hc) C Ht and 
TT* in ( pi]) is, indeed, an isomorphism. Furthermore, as Hi(T) = HiiT)/G{T*) 
and Hi{C*) = Hi{C)/G{C*) (see |t|), the homomorphism : Hi(C*) Hi{f ) 
factors through tt*, whence tt* is a surjection. To show that it is also injective, 
consider a nonzero element [a] E Hi{C*) generated by a 1-cycle a in C* (where 
i < k) such that the 1-cycle /? := 7r(a) in F* gives a zero element of Hi(ri). Hence 
the class [/3] G Hi{T*) is contained in the subgroup G(F*). It is easily seen that 
7r*(G(C*)) contains a subgroup of finite index in G{T*). Thus for some m > we 
have m[(3] = 7r,([7]) with [7] E G{C*). As m[Q;] — [7] is still a nonzero element of 
Hi(C*) whose image in Hi(T*) is zero, we have 7r*(m[Q;] — [7]) = 0, which is wrong 
since tt* is an isomorphism. This proves that tt* in (p^ is an isomorphism. 
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It follows that the decomposition s (|9| ) and ([lO| ) in 2.18| can be chosen in such a 



way that tt* respects them. Then by (11 ) and (|12[), tt* in (|13|) is also an isomorphism. 



The proof is completed. □ 

2.23. The proof of the next lemma is based on the following simple observation. 
Let G is a free abelian group of finite rank. For an clement a E G, the following 
conditions are equivalent: 

(i) a is primitive (that is, if a = fc6 with & G G, fc G Z then k — ±1); 

(ii) given a free base ai, . . . , a„ of a Z-module G, the coordinates in the presen- 
tation a = X]"=i ^i^i relatively prime. 

Lemma 2.24. Let F be a curve with the irreducible components Fi, . . . , F^, which 
are all non- compact, and with the multiple points Pi, . . . , Pm- Denote by pi, . . . ,pn 
the punctures of the curve F* := F\{Pi, . . . , Pm}, md let Bi be a local branch of 
F centered at pi. Consider the group G := G{F*) / Hp , where 

G{F*) := {Ikp^ (B,) I i = 1, . . . , iV) C Hi{F*) 

and 

Hf:= {lkp^{F)\j = l,... ,M)cG{F*). 

Then G ^ Z^"^"^. Furthermore, for each i 1, . . . , N the class [lkp,{B,)] G G 
is primitive unless it is zero. The latter holds if and only if pi is the only puncture 
of the corresponding component Fi, and Fi is an isolated component of F. 

Proof. Denoting u : F a. normalization, we let /^^^{Pm) = {PjIjgJ™ with 

J - U"=iJrn C {1,... ,iV} I Thus Ikp^iF) = EjeJ,JkpABj)- We also let 
{Pi}ieii be the set of punctures of a component Ff :— Fi D F* of the curve F*. 
For every m — 1, . . . , M (resp., / — 1, . . . , L) we pick an index jV™ G Jm (resp., 
ii G Ii\J) (notice that the index set //\ J of the punctures of Fi is non-empty, as 
Fi is assumed to be non-compact). Then we have: 

G{F*)^{lkp^{B,)\i^{ii,... Jl}) 
= {lkp^{Bi), lkp^{F) I m = 1, , . . . , Af, i ^ {ii, . . . ,ZL,ji, . . . Jm}) . 
Thus G{F*) ^ Z^-^ ^Hp® Z^--^-*^ with Hp = Z*^ and so 
(16) G = G{F*)/Hp - {[Ikp^iB,]] \i^{ii,... ,iL,ji,... Jm}) ^ Z^-^-*^ . 
The elements [Ikp.(Bi)] G G of the free base ( p^ satisfy the condition (ii) of ^.23 



whence are primitive. The indices j„i G Jm being arbitrary, as cardJ„i > 2 the 
classes [lkp^{B.i)] G G with i E J are all primitive as well. By the same reason, a 
class [lkp^{Bi)] G G with i G Ii\J is primitive unless {i} = Ii\J (i.e., unless is the 
only puncture of J]). If such a component Fi meets another one Fii at a multibranch 
point Pm, then choosing jm from Jm H /;/ and decomposing [lkp.{Bi)] G G in 
the base (|l|) we obtain that at least one of the coordinates equals —1, hence 



2.23(u) is fulfilled, and so [lkp^{Bi)] is primitive too. Finally, [lkp-{Bi)] G G is not 
primitive if and only if pi is the only puncture of Fi and Fi is isolated (in that case 
lkp^{Bi) + Ep„6F, lkp,jF) = in G(F*), whence [Ikp^iBi)] = in G). □ 

In the proof of Theorem 2.11 below (based on 2.19| and 2.24 ) the role of F in 



2.24 is played respectively by the curves F and Gnon-vcrt\Gvcrt- As in the proof of 



'Here ]J stands for the disjoint union. 
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2.24, it will be important to bear in mind the freedom of choice when selecting the 
indices {ii, . . . ,iL,ji, ■ ■ ■ ,jM} as in jl^). From 2.24 we obtain such a corollary. 



Corollary 2.25. In the notation as in 2.19^ , let Q E Ci {i £ {1, • ■ • , fc}) be 



puncture of C* such that P := 7r((5) € Vi is not a puncture at infinity of the affine 
curve Ti . Then the following hold. 

(a) multg-TT = 1 (that is, tt is non-ramified at Q); 

(b) P is a puncture ofT*; 

(c) the components Ci and Vi are horizontal (that is, I < i < h). 

Proof. The curve C* possesses yet another puncture over a place at infinity of Ti, 



whence by ( 2.24 ), [lkQ{C*)] is a primitive element of the group G{C*)/ He . As tt^, 
in dH) is an isomorphism, ^*{[lkQ{C*)]) = K[lkp{T*)] € G(T*)/Hr\{0} is primitive 
as well, whence k ~ multgTf — 1, which yields (a) and (b). 

Suppose that there are two different local branches A and A' of C over a lo- 
cal branch i? of F at P, and let Q, Q' G C be their centers. The same argu- 
ment as above shows that 7T^,{[lkQ{A)]) = 7r*([ZfcQ'(A')]) = [lkp{B)], where both 
[IkgiA)], [lkQ,{A')] e G{C*)/Hc are primitive. Hence 

(17) [lkQ{A)] = [lkQ,{^)]^Q. 

It is not difhcult to verify that (in contradiction with (p^)) there exists a base (16) 



which includes both [lkQ{A)] and [lkQ'{A')\, unless A and A' are local branches of 

the curve C at a multibranch point Q S s]^' with fJ-qjC) — 2. But in the latter 
case [ZfcQ(A)] = —[lkQ'{A')], which again contradicts (p^). Therefore, there is only 
one local branch of C over B, which yields (c). □ 



Now we are ready to prove Theorem 2.11 



Proof of Theorem 2.11 . It is convenient to proceed first with the proof of (/3). From 
2.25 we get: 

Tslant n = = Cslant H Sc 

(indeed, F*jj^jjj resp., 0*]^^^^ cannot have punctures other than the places at infinity). 
Thus the slanted components d and Vi {h + 1 < i < k) oi C resp., F are isolated 
and do not contain multibranch points. In particular, d = C* resp., F^ = F*, and 
these curves are homeomorphic to their normalizations. Furthermore, the group 
G'(C'*Hresp., G{T*)) is a direct summand of G(C*)/iJc (resp., G{T*)/Ht). Hence 

(18) nAGici)--G{C:)^G{T*) 
is an isomorphism, as well as 

(19) ^AH,m Hl{c^) ^ H,{f.) . 

Since deg Tt\(j. > 1, ( p^ ) shows that Hi{C i) = = HiiTi) i.e., both d and are 
rational curves. Therefore by (|) in 

i7i(Cr™) = Hi{Ci) = Hi{G*) = G{G*) 

and 

i?i(rr™) - ^i(rO - i?i(r*) - g(f*) . 

Now (|l|) yields that 

TT * . tii\Li ) -Hl(li ) 
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is an isomorphism. By a theorem of Hurwitz (see e.g., ]T^ , 1.2.1]), a morphism 
p : — > G of smooth irreducible affine curves is an isomorphism once the induced 
homomorphism : Hi{F) Hi{G) is an isomorphism, unless Hi{F) = Hi{G) = 
i.e., F ~ G ~ C. Thus G.f°'" ~ rf°"" ~ C, and so the curves d and are 
homeomorphic to C, which proves 

(a) By 7r"i(rvort) Q Gvort, whence 7r(Ghoriz\Gvort) ^ rhoriz\rvcrt- To show 
that actually, the latter inclusion is an equality, suppose on the contrary that for a 
point P e rhoriz\rvcrt, 7r"^(P) = 0. Then all ^ := ^ip{T) branches Ai . .. , of G 
over the branches i?i , . . . , -B^ of F at P have centers at infinity. By 2.25| (b) the curve 
r* has a puncture over P. Thus P G S^^ is a multibranch point of rhoriz\rvcrt, 
and so the primitive classes (see [2.24 ) [lkp[Bj)\ £ G{T*)/Hr {j — 1... are 
subjected to the (only) relation X)j'=i [^^pi^j)] = 0. Therefore, the primitive classes 
[Ikq. {Aj)] e G{C*)/Hc ( j = 1 . . . , /i) are also related by 

(20) Y.[lkQ^{A,)]=Q, 

where Qj £ G is the center of the branch Aj. Constructing a free base ( |T^ ) of 
the free Z-module G{C*)/ He, we may suppose that for any j — 1, . . . , ^, j ^ 
{ii, ... , ii} (and definitely, j ^ {ji, . . . , jm} as Qj is a puncture at infinity of G). 
Thus the classes [Ikq^ i^j)] (j = 1 • • • ; m) niake a part of a free base (|l^), and so 
cannot satisfy ([20|), a contradiction. 

Denote P . — G}ioriz\Gnoii — horiz — G^oiiz \ Gvert and G . — rhoriz\rnon— horiz — 

rhoriz\rvcrt- Wc havc shown that the morphism ir^p : F ^ G of degree 1 is bijective. 
It follows that it is an isomorphism. Indeed, as Dg and Df meet trans versally along 
F (see 2.5), the curve F is the zero divisor of the restriction gloxCi which is a 



polynomial of degree one in z, say, az + b G C[G][z]. Note that a and b have no 
common zero on G (otherwise the zeros of glaxc = az + b would contain a vertical 
component). As tt\p is surjective, a is nowhere zero, whence z — —b/a G C[G], and 
so tt\f is an isomorphism. This proves (a). 

(7) The group G{T*)/Hr = Tr^.{G{G*)/ He) being generated by the classes 

(where Qj runs over the set of punctures of the curve G*) we have 

G'(r*o„_vort)/[-f^r n G(r*on_^„.t)] = G{r*)/Hr ■ 

Since in virtue of (/3), G(r*jg^jj^) = we obtain 

G{T*)/Hr = G(r*on_sia,„t)/i?r = G{Tl^^.-^J/[Hr n G{Tl^^-^J] . 
In particular, for each puncture P of r*^,^^, we have 

(21) [ikpif)] e G(rUiJ/[i/r n G{ri^,^J] . 

It follows that on any vertical component of T there is only one puncture at infinity. 
Indeed, if there were a component of Fvert with at least two punctures at infinity, 
say. Pi and P2, then any free base as in ( p^ ) of the Z-module G(T*)/Hr would 
contain at least one of the corresponding classes, say, [^fcpj(f)], which contradicts 

®- . . 

A similar argument shows that the curve Tyert has no selfintersection. In par- 
ticular, the components of Fvort are disjoint, and for each i = A: -I- 1, . . . , n, F^ is 
homeomorphic to Ff"™. 
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Furthermore, by 2.19| 

non— vert vert J 

is an isomorphism, and ■7f»(_ffi((7*)) C iJi(r,ioii-vcit)- It follows that _ffi(rvcrt) = 0, 
whence the components of Fvcrt are rational. Finally, F^ (i — k + 1, . . . , n) is a 
rational curve with one place at infinity and without selfintersections, therefore is 
homeoniorphic to C. 

As for any i = h + 2, . . . ,n, Dh+i DDi — (d and ~ F^ x C is simply connected, 
with the notation as in |2.6| we have that the restriction fh+iloi does not vanish, 
and so is constant: fh+iloi =■ G C. Thus we obtain a decomposition as in (7), 
which completes the proof of (7). 

(S) As the matrix B' i n |2.6| is unimodular and by (7) the vertical components 
are disjoint, arguing as in 2.6 we can easily see that the morphism tt : C ^ F maps 
any component of Cvert into a component of Fvcrt, and maps different components 
of Cvert into different components of Fvert- Moreover, the columns of B' are vectors 
of the standard basis in R"^'''. Hence up to a reordering we may assume that B' is 
the unit matrix. The slanted components Th+i, . . . , F^ being isolated the last k — h 
lines of the matrix B are zero, which completes the proof of (S). □ 



Remark 2.26. Notice that for any vertical component Ci of C {i ~ k + 1, . . . ,n), 
Pi := 7r(Ci) is a smooth point of the curve F^. This follows from |1.2| as ma = 1. 

2.3. Preserving acyclicity: a criterion. We have the following partial converse 



to 2.11 



Theorem 2.27. Let X and Y be irreducible smooth affine 3- folds which satisfy the 
condition (ii) of 2.4, as well as the following one (which replaces 2.4-(iii))-' 

(iii') Y = Z xC is a cylinder over a smooth acyclic affine surface Z , and D = T xC 
with T Q Z . 

Suppose also that the conditions (a)-(S) of Theorem 2.11 are fulfilled. ^ Then the 
induced homomorphisms 

(T* : H^{X) ^ H,{Y) and cr, : 7ri(X) ^ tti{Y) 

are isomorphisms. Henceforth, the 3-fold X is acyclic; it is contractible if and only 
if Y is so. 



Proof. The theorem immediately follows from lA, 1.10| and 2.32 below. Indeed, the 



1.10 



1.4 



assumption 2.11(5) allows to apply 
an isomorphism. In turn, by 2.32 the assumptions of 
: H^X) 



in order to get that ct* : 7ri{X) —> tti{Y) is 
l.lOl are fulfilled, and so by 



H^(Y) is an isomorphism as well. 



□ 



From 2.11 and 2.27 we obtain the following criterion for preserving the acyclicity. 



Corollary 2.28. Let X and Y be smooth affine 3- folds satisfying the conditions 
2.4(ii) and 2.21(iii'). If Y is acyclic resp., contractible then X is so if and only if 
the conditions 2.11(a)-(S) are fulfilled. 



l°See 2.29 below 
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Remark 2.29. Assuming in 2.27 that the conditions 2.11{a)-{S) are fulfiUed we 
require imphcitly that the things are as in 2.6|-2.8, without supposing acychcity as 



in ^^(i). In fact, 2.6-2.8 refer only to the fact that the multiphcity matrix is 
unimodular, which is anyhow foreseen by 2.1l| ((5). 



Actually the proofs of the lemmas below rely only on the conditions (ii), (iii) 
and the following one. 

(iv) There is a regular function (p (z A — C[Y] such that for every i — h + 1, . . . ,n 
the restriction ifloi is constant, as well as the restriction of ip to any fiber 
of the morphism w : D ^ T, and for any point P G S'r\rvcit, both $p := 
ip* {(p{Tr~^ (P))) C Y and Vl/p := cr~^($p) C X are smooth, reduced surfaces 
with (T*(<l>p) = vpp. 

Under these assumptions is an isomorphism in homology (even if we do not 
suppose as in 



2.27 that Y is acyclic) 



The next lemma shows that the conditions (ii) and (iii') imply (iv) 



Lemma 2.30. Under the assumptions of 2.27 there exists a (possibly empty) smooth. 



(a) r' n Fnon— horiz — Cll^d F' D \r„on — horizj 

(b) the surfaces <i> T' x C C F and := cr^H^) ^ ^ '^f^ smooth, and 

(c) crjif : H^{'^) i?*(<&) is an isomorphism. 

Proof, li h < n (i.e., rnon_horiz 7^ 0) then we take for F' the union of the fibers 
of the regular function fh+i\z through the points of 5'p"''\rnon-horiz- Indeed, since 
the Euler characteristics e{Th+i) = e{Z) — 1 and Th+i = {fh+i\z)* (0), by [|8[ 
6.2] the fibers of fh+i\z are smooth, reduced and irreducible except for, possibly, 
Th+i- Thus r' is smooth and reduced. As fh+i is constant on any component 

of Tnon-horiz WC havC V C] Fnon-horiz — 0, whcuCC (a) is fulfilled. 

In the case where h = n (i.e., Fnon-horiz — 0) the existence of a smooth, reduced 
curve F' satisfying (a) easily follows by Bertini's Theorem. 

Evidently, $ = F' x C is a smooth surface. Since c7\x\e ■ X\E Y\D is 
an isomorphism, the surface 5" := (7^^($) is smooth if it is smooth at the points 
i? e ^' n Let Q = (P, zq) a{R) e C with P e F n F' C Fhoriz\F„on-horiz. 
As F' is smooth we can find local coordinates {x, y) on Z centered at P such that 
(locally) r = {x^ 0}. Thus Q = (P, zq) = (0,0, zq), R = (Q,uo) = (O,0,zo,uo), 
and (locally) 



M/ = = 0} n X = {/(O, y)u - g(0, y, z) = 0} C 



y,z,u 1 



where by the condition 2.11 (q;), (locally) g{0,y,z) = a{y)z + b{y) with a(0) ^ 
(see the proof of 2.11| (q:)). Therefore, dg/dz{Q) = a(0) ^ 0, whence the surface ^' 



is smooth at R. Thus (b) holds. 

To show (c) we need the following claim. 

Claim. (a|*)*((Z?horiz n <^y-^) = (^hodz n *)-'!. 

Proof of the claim. We will use the same local chart and the notation as above. We 
have (Dhoriz H (^y^'^ = {P} x — y*(0) (y being regarded as a function on $). 
Then locally, {y o a) : {y, z, u) i — > y, whence the subspace ker d[y o (j)\r = {y = 
0} does not contain the tangent space TrX (indeed as a(0) ^ the differential 
d{fu — g)\R — ... — a{0)dz of the defining polynomial of ^ in Cy_2_„ at the point R is 



SIMPLE BIRATIONAL EXTENSIONS OF THE POLYNOMIAL RING C'^' 



29 



not proportional to the differential dy oi y — y o a aX R) . It follows that d{y o ct)|* 
does not vanish at the points i? e E, and so locally 

(i?honz n v|/)-d ^ (y o a)*(0) - ((7|*)*((i?hodz n $)'-°'^) , 

as desired. □ 

Notice that $ n Dhoriz = (r' O Fhoriz) X C C $ is a disjoint union of afRne lines, 
whereas in virtue of 2.11(a), <I> D Choriz is a finite set of points, one on every of 
those lines. Furthermore, 4" n i?horiz = (<& n Choriz) x C. 

The proof of (c) is based on I.E. In the notation as in 1.9 we let X 'i!,Y 
S := * n -Bhoriz and I) := $ n Z^horiz- Then by (b) above, X, Y, E and D are 
smooth varieties, (j{E) C t), a{X\E) — Y\D, and (by the above claim) a*{D) = 
E, that is, the condition (i) of 1.9 is fulfilled. As Tj^^^, : X\E Y\D is an 



isomorphism, taking into account the observations following the claim it is easily 

i?* (Y) is an isomorphism. 



seen that 1.9(ii) holds as well. Thus by 1.9, cr* : H^{X) 
which yields (c). 



□ 



2.31. The proof of the next lemma relies on 1.10, where we let E — E' U E" and 
£> = £>' U D" with E' := Eu, 



E" := E„ 



D' := Aioriz, 

-horiz II* and D":^D 



non— horiz 



$ and '5 being the same as in |2.30| (b). 



Lemma 2.32. Under the assumptions and the notation as in 2.27 and 2.31, the 



conditions (i' ) and (ii' ) of I.IL are fulfilled. 



Proof. In virtue of ^.11 (7), for every i = h + I, . . . ,n both curves Ci and Ti are 
homeomorphic to C, whence both surfaces Ei — CiXC and ~ x C are home- 



omorphic to 



Therefore i?non- 



hori 



and i^nnn- 



noii— horiz 



are topological manifolds, 



and (CT|E„„_i,„^iJ* : -ff*(i?non-horiz) ^ -ff* (-Dnon-horiz ) is an isomorphism. As the 
surfaces $ and ^ are smooth we have that E" and D" are topological manifolds as 
well, and in view of |2.30| (c), {<t\e")* '■ H^{E") H^{D") is an isomorphism. 
As by our construction 

-Sp C F' U Fnon-horiz and C TT ^ (F') U Cnon-horiz , 

the curves Fhoriz\(F' U Fnon-horiz) and Choriz\(7r"^ (F') U Cnon-horiz) have no multi- 
branch points. Therefore they are topological manifolds, as well as the surfaces 

D'\D" = [Fhoriz\(F'UF„on-horiz)]xC and E'\E" = [Choriz\(7r-l(F')UC„on-horiz)] x« 



By 2.11(0;) the projection 



TI" : C'horiz\(7r (F') U Cnon — horiz 

)^Fhoriz\(F'UF: 



non — horiz 



is an isomorphism, whence (7\e'\e" ■ E'\E" 
conditions (i') and (ii') of 1.10 follow. 



D'\D" is so as well. Now the 

□ 



3. Simple affine modifications of diffeomorphic to 



The main result of this section is |3.6| , which together with 2.28 provides a criterion 
for as when a simple affine modification X C C'' of y = C'* is isomorphic to C"^ . 
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3.1. Exotic simple modifications of C"^. We keep the terminology and the no- 
tation of section ||, and we adopt the following 

Convention 3.1. Hereafter 

(i) Y = with the coordinates x, y, z, and 

(ii) X is a smooth affine 3- fold in diffeomorphic to M^, with equation of the 
form 

(22) p = f{x,y)u + g{x,y,z) :^0, 

where / <E C[x, y] \C, .g G C[x, y, z] (thus by 2.28, the conditions 2.11f a)-{S) 
hold). 

3.2. Note that the blowup morphism a : X 3 (x,y,z,u) i — *■ {x,y,z) € Y rep- 
resents X as a simple affine modification of F = C"^ along the cylindrical divisor 
D = Df^ = r X C (where T := /-^(O) C C^) with center C = {/ = 5 = 0} C 
and with the morphism tt : C F as in 2.5 given hy ir : {x,y, z) 1 — > {x,y). Hence 
the assumptions (i)-(iii) of 2.4 are fulfilled. 



3.3. As in 2.8 we factorize / e C[a;,?/] into irreducible factors: / = Y[i=i ^-i^d 
we write g as a polynomial in z: 

d 

g{x,y,z) = 'Y^ bj {x, y)z' with d := deg^ g . 
3=0 



We let di := deg(7r|ci). Recall (2.6, 2.7) that an irreducible component Ci (resp., 
Ti = f~^{0)) of the curve C (resp., F) is vertical (resp., horizontal resp., slanted) 
if and only if = (resp., di — 1 resp., di > 2). The following lemma is a simple 
observation, and so we omit the proof. 

Lemma 3.4. For every i = 1, . . . , n we have bj £ (fi) yj — di + l,...,d and 
bdi ^ (/i). Hence p as in admits a unique presentation 

p = fu + gi + fihi 

with gi{x,y,z) :— ^'j=obj{x,y)z^ £ C[x,y,z] and hi £ {z"^^^^) C C[x,y,z]. Fur- 
thermore, if /horiz 7^ const then p can be written as 

(23) p = /horiz /non -horiz" + ^0 + blZ + /h^iz'^O 

with bo, bi £ C[x,y] and Hq £ (z^) C C[x,y, z], where &i|rhoriz\rnon-horiz ^''■^ ™ zero. 

3.5. Recall |^ that an exotic C'^ is a smooth affine 3-fold diffeomorphic to but 
non-isomorphic to C'^. 

The principal result of this subsection is the following theorem. 



Theorem 3.6. // under the assumptions as in 3.1, at least one of the curves 

in the 



Cnon-horiz o^nd Fnon-horiz is singular then X is an exotic . 



The proof is done in 3.£ and 3.15 below. For a converse result, see 3.21 
next subsection. 

Notice that 3.6 provides a regular way of constructing exotic C'^-s as hypersur- 
faces in C^. Let us give concrete examples. 
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3.7. Examples. For the Russell cubic 3-fold 

X = {x^u + X + y2 + = 0} C , 
the curve T — Fgiant = {a; = 0} C is smooth and isomorphic to C, whereas 

,,2 



C — Csiant — {x — — 0} d <C^ (the center of modification) is homeomorphic 

to C but singular. It is well known ^. ^ that X represents an exotic algebraic 
structure on . By |l3| the Koras- Russell cubic 3-fold 



X 

also is an exotic C'^; here both F = Fgiant = {a 



V 



3 _ 



0} C C2 and C = aiant 



{x^ + = = X -\- z"^} C are homeomorphic to C but singular. 

Remark 3.8. Generalizing a theorem of Sathaye in Thm. 7.2] it is proven 
that actually, every smooth acyclic surface in C'^ with equation p — f(x,y)u + 
g{x,y) = (where f,gG C'^l) is isomorphic to C'^ and rectifiable. Examples 
show that in general, this does not hold anymore in without the additional 



assumption of smoothness of Cnon- 



hoii 



and Fnnn- 



hoii 



(cf. KM above) . 



The proof of 3.6 starts with the following proposition (cf. |3.20| below). 



Proposition 3.9. Let X and Y be as in 3.1. If the curve Fnon-horiz is singular 



then the Derksen invariant Dk [A') of the algebra A' :— C[X] is non-trivial, whence 
X ^ C^. 

The proof is done in p. 10 -3. 14. 

Lemma 3.10. Under the assumptions as in S.i, choosing appropriate new coordi- 



nates in the (x, y)-plane and resettling the z-coordinate we may write the polynomial 
p in the form 

(24) p={x^ - y')™/horiz(a;, y)u + z" + go{x, y, z) + {x'' - y^)hQ{x, y, z) , 

where k,l,e > 2, {k, I) = 1, /horiz e 'C[x,y] and /horiz(0,0) = 1, go, Hq G 
C[x,y,z], deg^go < e and z^j/iQ. 



Proof. In the notation as in |2.6| - p.9| we have h < n. In virtue of the condition 2.11 (7) 
we may suppose that the component F^i+i of Fnon-horiz is a singular plane curve 
homeomorphic to C. Hence by the Lin-Zaidenberg Theorem |lq|, choosing new 



coordinates in the (x, y)-plane we may assume that /ft,+i 



2/' with k,l >2 



c_{c G C\{0}) of the polynomial 
n, and so 
2f) can be 



1 



and (fc, I) = 1. As the other fibers x*^ — y' 
fh+i are not homeomorphic to C, in view of 2.11(7) '^g have h 
/non-horiz = fn = i^'' " J/O" ^ith m ;== a„. By |3.4| the polync 
now written as follows: 

p={x^ - y')™ /horiz (2;, y)u + be{x, y)z'' + go{x, y, z) + (x'' - y'^)ho{x, y, z) 

with fee G C[x,y], g^, Hq G C[x,?/, z], deg^ go < e and z'^^^\hQ. In virtue of 2.11 (6) 
and 2^ the divisors -D„ = F„ x C and D^^^ meet transversally at general points of 
Cn — Dn n D^g'^. If F„ were vertical (i.e., g{x, y, z) = feo(x, y) mod (x'' — ?/'); see 
3.3, 3.4) then the equation bo{t'',t'') — would have a unique solution to such 



that (in virtue of 2.26) 7r(C„) = (^O'^o) ^ smooth point of F„ C „ i.e 



to ^ 0. Thus bo{t\t'') = c{t - toY which is wrong as the derivative of the left 
hand side vanishes at t = 0. Therefore, F„ = Fgiant, whence e = degTrjc^ > 2 
and 7r|c'„ : C„ F„ is a proper morphism (as each of these curves has only 
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one puncture). It follows that the restriction 5e|r„ has no zero. As r„ is simply 
connected we have 6e|r„ = const =: 6° e C*, and so be{x, y) = b'^ + {x'^ — y^)ce{x, y) 
for a certain polynomial Ce € C^^'. Finally, re seatin g the z-coordinate if necessary, 
we obtain the desired presentation. As by 2.1]| ((5), r„ = Tgiant is an isolated 



component of F, the restriction /horiz|r„ does not vanish, whence is constant, and 
we may assume in addition that this constant is /horiz(Oi 0) = 1. □ 

3.11. We choose the weight degree function d on the algebra A with 

d^ = -IN, dy = -kN, dz = V2 and d„ = klmN + eV2 , 

so that the polynomials 

fn = fh+i = x^- ~ y^ and p := [x^ - y^)"^u + 

are d-quasihomogeneous. Fetting TV G N to be sufficiently large (thus (i(/io) < klN, 
and hence d{{x'^ — yO^'-o) < 0) we may assume that p as above is the d-principal 
part of the polynomial p as in ( ]2^ ) . 

Lemma 3.12. Let q e C[x, y, z,u\\C be an irreducible d-homogeneous polynomial 
with deg^q < e. Then q coincides (up to a constant factor) with one of the following 
polynomials: 

X, y, z, u, \x^ + /ij/', where A, ^ G C* . 

Proof. Letting q — X]i=o cii{x, y, u)z^ with Oi £ C[x, y,u] (i = 0, . . . , e— 1) we claim 
that there can be only one nonzero coefficient Oi. Assuming on the contrary that 
ai, Oi+j ^ for some i, i + j G {0, ... , e — 1} with 1 < j < e — 1 we would have 
d{aiz'^) = d{ai+jZ^^^). Taking into account the equality dy = jd^ we derive 

d{aiz') - d(ai+jZ*+^) = jd^ = jV2 = adu + f3dx = aeV2 + P'dx 
(25) ^ {j - ae)^/2 = P' d^ £ Q 

for certain a G Z>o and (3, (3' G Q. But ae — j G Q \ {0}, whence ( p5| ) leads to a 
contradiction. 

Therefore, the irreducible polynomial q must coincide (up to a constant fac- 
tor) either with z or with a polynomial oq G 'C[x,y,u]. Let q — aQ{x,y,u) = 
^*^Q Ci(a;, y)M* with q G C[x, (i = 0,... ,t). The weights d^ (resp., dy) and 
du being independent over Q the same argument as above shows that at most one 
summand Ci{x,y)u^ may be different from zero. 

Thus once again, the irreducible polynomial q coincides (up to a constant fac- 
tor) either with u or with a polynomial cq G C[a;,y]. In the latter case, being 
d-homogeneous the polynomial q must coincide (up to a constant factor) with one 
of the polynomials x, y, Xx'' + fiy'' (A, G C*), as stated. □ 

3.13. Let an irreducible polynomial p G be as in (p4|). Set as before X = 
p~^{0) C C**, X = ^"-^{0) C C and A' — C[X] where p is the d-principal part of p. 
Denote by p^, the canonical surjection 

p^, : CW ^CW/(P) = 
and by i = p^, (x), . . . ,u = p^, (u) G A' the traces on X of the coordinate functions. 
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The polynomial p being irreducible, by 1.22(a) A' is just the graded algebra 
associated with the filtered algebra A' , a filtration being provided by the degree 
function d on A' . 



Lemma 3.14. In the notation as in we h 



mve 



MLgr (AO - Dkg, {A') C[x, y] C i'<o. 

Therefore (by 1.24 ) 

BkiA')ciA',^A', 



so that A' 9^ Cl^l and X ^ , which proves pJ. 
Proof. The Jacobian derivation 

a d{p, X, y, *) 



d{x, y, z, u) 
and locally 

X, y], it is sufficient to show that x, y ^ keid for any d G LNDgi(A')- Indeed, by 



on the algebra A' being homogeneous and locally nilpotent with A' " — keido 



1.14 both C[x, y] and ker9 are algebraically closed subalgebras of A' of transcen- 
dence degree 2, thereby they coincide provided that €l[x, y] C ker9. 

The derivation d being homogeneous, the subalgebra ker9 C v4 is generated by 
homogeneous elements (i.e., by the restrictions to X of d-homogeneous polynomials 
on C*). Let a = q\-^ S kerf? (with a d-homogeneous q G C^) be nonconstant. 
We may assume that degz^ < e (otherwise we replace the polynomial q by the 
rest of the Euclidean division of q by the z-monic d-homogeneous polynomial p — 
z^ + (a:'=-yO"w). 

The kernel A'^ = kerd being factorially closed (see 1.14(c)), the irreducible 
factors of q restricted to X belong to this kernel as well. Therefore, ker d is generated 
by the traces of irreducible d-homogeneous polynomials q with degzq < e. By 
|l.l4| (d) we have x, y £ ker 9 provided that Xx'' + ijy^ £ ker 9 for some A, /i G C*. 
Due to |3.12| and to the above argument on algebraic closeness, ker 9 coincides with 
the subalgebra of A' generated by one of the following pairs: 

(i, y), {x,u), {y,u), {x, z), {y, z), [z, u) . 



If z G ker 9 then by 1.14 and the equality 

(26) z'^ + (£'= + y')"'" = 

also x,y, u £ ker 9, whence 9 = 0, a contradiction. This eliminates the last three 
cases. 

If ker 9 = C[a;, ii] |^then ( p6|) yields the equality 

(27) Im degg y = e degg z . 

On the other hand, as ker9 = C[x, u], by 1.19| d is equivalent to the Jacobian 
derivation 

Q _ d{p, X, u, *) 
d{x, y, z, u) ' 

It is easily seen that 

ai(y) = -(p)'J^ = -z'=-i, 

The case where ker 9 = C[y, u] can bo eliminated by a similar argument. 
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and so as deg^ = deg^^ (see 1.18 ) we get 

(28) degg y^{e- l)degg z + 1. 

From (^^ and (^) we obtain: 

[(l--^)e-l]deggz = -l. 

But this is impossible because /, e > 2, m > 1, and so (1 — j^)e > 1. This completes 
the proof of the lemma, as well as those of 3.9. □ 



Next we consider the remaining possibility in 3.6 



Proposition 3.15. Let X and Y be as in 3.1. Suppose that Fnon-horiz is a smooth 
curve, whereas there exists a singular component, say, Ch+i of the curve Csiant- 
Then once again, the Derksen invariant Dk {A') is non-trivial, whence X . 



The proof is done in ^.16 ■ 3.19 below 



Lemma 3.16. Under the assumptions as in 3. It, after applying an appropriate 
tame automorphism o/CiJ ^ polynomial p can be presented in the form 

(29) p = x"^ho{x, y, z)u + y'' + z' + xhi{x, y, z) 

with k, I, m > 2, (fc, I) — 1, /ig, hi G C[x, y, z] and /io(0, y, z) = const — 1. 

Proof. The curve Th+i C y (being smooth and homeomorphic to C) is isomor- 
phic to C. Thus by the Abhyankar-Moh-Suzuki Theorem, choosing appropriate 
new coordinates in the (a;, ?/)-plane we may suppose that fh+i — x. We factorize 
/ = fh+i f = a;™/ with m := a^+i- As Ch+i is singular, by 2.3 the gradient grad/ 
has to vanish at some point of F^+i = {x = 0}. The component Th+i of F being 
isolated (see ^.llK /3)) this implies that m > 2. Furthermore the polynomial /(O, y) 
does not vanish, whence is a non-zero constant; by rescaling the x-coordinate we 
may assume this constant being 1. 

As the curve Ch+i = {a; = = 5(0, y, z)} C C^^^ is homeomorphic to C 
and singular, by the Lin-Zaidenberg Theorem (after performing an appropriate 
automorphism of the plane ^) we may suppose that Ch+i is given by x = y'^+z^ = 



with k, I > 2 and (k, I) = 1. In virtue of 2.5 and the condition 2.11{S) the divisors 
Dh+i — {x — 0} C 2 ^'^d Dg°'^ meet transversally at general points of the curve 
Ch+i, whence g{Q, y, z) = -\- z^ (up to a constant factor which can be put equal 
to 1) i.e., g = y'' + z'' + xhi{x, y, z). Taking for /io(a;, y, z) the polynomial obtained 
from / as a result of the latter coordinate change, we obtain the desired presentation 
^ with/io(0,y,z) = /(0,y) = l. □ 



3.17. We consider the weight degree function d on the algebra A' := C[X] with 



-1, d„ 



and dii 



As the c?-principal part p = x"^u-\-y^-\-z^ of the polynomial p as in ( |29| ) is irreducible, 
by 1.22 A' := C[X] is just the graded algebra associated with the filtration on A' 



defined by the degree function d. Notice that in A' the following relation holds: 
(30) -I- y*'- -I- z' = . 

With this notation we have the following lemma. 
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Lemma 3.18. Dkgr (!') C i'<o , and so (by \l.24) Dk(A') C A'q ^ A' . Thereby 
A' ^ C[31 and X ^C^, which yields 



Proof. We must show that kcrO C A'<o whenever d E LNDgr(A'). Assume that 
there exist d G LNDgr(A') and a G ker9 such that a ^ A'<o. Furthermore, by 
1.14(c) we may suppose that this element d is non-decomposable. We have d — q\-^ 



for some d- homogeneous polynomial q = J2i j '^ij^^^'' ^ '^'^^ (with aij S C[y, z]). 
Moreover, taking into account ( ^o|) we may suppose that i < m whenever j > 0. 

Claim. In the above expression for q there is only one non-zero monomial. 

Proof of the claim. Indeed, if there were two of them, say, if a^jj-j ^ and fli^jj 7^ 
then we would have 

(31) d{q) = mji -ii = mj2 - i2 =^ ^(ii - ji) = «i - «2 • 

Assuming that ii > 22, by (^) we get ji > j2, and vice versa. Thus ji > 0, and 
then by our assumption ii < m. Hence also 11—12 < m, which contradicts (^l]). 
This proves the claim. □ 

Since the element d = q{x, y, z, u) — aij{y, z)x^u^ is supposed to be non- 
decomposable and of positive c?-degree, we have d = u € ker9. Thus d can 
be specified to a locally nilpotent derivation di of the algebra B = C[S], where 



5 {a;™ + + z' 0} = {u = 1} n X C (see 1.16). 



By 1.14(a), tr.deg(ker9) = 2, whence there is a homogeneous 9-constant b such 
that the elements d = u, b G A' are algebraically independent. As above we obtain 
that either b = b{y, z) for some irreducible polynomial b e C^^' \ C, or & = i. In the 



latter case by ( pO| ) we have y^ + z' G kcr9, and thus by 1.14 (d) also y, z G keid. 
Therefore 9 = 0, which is impossible. Finally, we conclude that b{y, z) e ker9 for 
a certain polynomial b £ C^^' \ C, and so the restriction 6I5 is a 9i-constant. 

Now the proof can be completed by applying the next lemma (cf. |l^, ^). □ 

Lemma 3.19. Let B = C[S] where S := {x™ + y'' + z' = 0} C and kj,m> 
2, gcd{k,l) = I, andletdi £L1^I){B). Then b\s ^ kei di whenever b e C[y, z]\C. 

Proof. We define the weight degree function d on the algebra B by letting 

dx = kl, dy — Im, dz — km . 

Actually x"^-\-y^-\-z^ is a d-homogeneous polynomial, i? is a graded algebra, and we 
may consider the associated homogeneous derivation di € LNDgr (i?). Assuming 
that for a polynomial 6eC[y, z]\C, 6|sG ker9i we will get a d-homogeneous 



polynomial bi € C[?/, z]\C such that 6i|s € keri9i as well. By 1.14 (c) an irreducible 
d- homogeneous factor of the polynomial 61 (this can be y, z or \y^ + iiz\ where 



A, /X e C*) restricts to 5 as a 9i-constant. If it were Ay*"' -I- /xz' then by 1.14(d) both 
y\s and z\s would be 9i-constants, whence 9i = 0, a contradiction. 

Thus we may assume that, say, y\s & ker^i. As (x"* + y'' + z'-)\s = we 
have (x'" -I- z')|s & ker^i, and (since m, I > 2) again by 1.14(d) we obtain that 
x\s, z\s e ker9i, which is impossible. 



This completes the proof of 3.19. 3.18 and 3.15. □ 
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Remark 3.20. Choosing a weight degree function Ukewise in 3.11 and repeating 



the proof of Proposition 5.3 in |12| it can be shown that under assumptions as in 



3.6 (that is, as in or 3.15) one has C[x] C ML(A'), whence the Makar-Limanov 
invariant ML (A') is non-trivial as weU. 

3.2. Simple affine modifications of isomorphic to C'^. The following theo- 
rem is a central result of the paper. The expression 'in appropriate (x, ?/)-coordinates' 
below means 'after performing an appropriate automorphism a € Aut <C[x,y] C 
AutC[x, y, z,uy . (In fact, the new (x, 2/)-coordinates are chosen in a way to get 
/non-horiz G C[a;]; in particular, no coordinate change is necessary when /non-horiz =const.) 

Theorem 3.21. For a hyper surf ace X C given by an equation 

p = fix, y)u -f g(x, y, z) = (/ G , g G Cl^l) , 

in appropriately chosen new {x,y)- coordinates the following conditions (i)-(vi) are 
equivalent. 

(i) X~C3. 

(ii) Every fiber X^^ = p~^{^) (/i G C) of the polynomial p G C^^' is isomorphic to 

(iii) Every fiber of the regular function x\x G A' := C[X] is reduced and isomorphic 
to C2. 

(iv) Every fiber of the morphism p : ^ C^, {x, y, z, u) i — > {x, p{x, y, z, u)), is 
reduced and isomorphic to C^. 

(v) The polynomial p is a residual x-variable 0. 

(vi) With Y :~ C'^ and X C_ as above being smooth and irreducible, the condi- 
tions 2. J}(a)-(6) hold as well as the following one: 



(e) The curves Cnon-horiz and rnon-horiz are smooth. 
Proof. Th e imp lica tion s (v)=>(iv)=>(iii) and (ii)^(i) are immediate; (i)^(vi) fol- 



lows from |2.28| and Thus it suffices to establish (vi)^(v) and (iii)^(ii). 

Let us show ( vi)^ (v). If /non-horiz 7^ const (that is, h < n) then in virtue of 
our assumptions y.llh ) and (vi)(e), r,,+i ~ C. By the Abhyankar-Moh-Suzuki 
Theorem, after performing an appropriate automorphism of the plane y we may 
suppose that fh+i = x. Hence by ^.ll| (7) we have 

n 

/non-horiz = C J]^ (x - A.,)°' G C[a;] . 
i=h + l 

Anyhow, /non-horiz = const or not, assuming that /horiz 7^ const by ^3.4] we may 
write 

P\ = K/horiz.AU + 60, A + bi.XZ + /horiz, A^A 
with /horiz, A, /lioriz,A' ^0,A, &1,A G -B := C[?/], kx G B[z\ and n := /non-lioriz(A) = 

cnr=/.+i(^-^0"' e C. If A G C\{A,,+i, . . . , A„} (i.e., k ^ 0) then in virtue of U 
6i_A G B is invcrtible mod /horiz, a, whereas fl^^^^^^x nilpotent mod /horiz, a- 
Therefore by |L2^, pa e S[ z,u\ is a i3- variable; in particular, p\ G 'C[y,z,u\ is a 



variable (whence for every /i G C, the surface {p\ = /i} C ^ „ is reduced and 
isomorphic to C^). 



For every i = h-\-\, . . . , n we have fi — x~Xi and in virtue of 2.11(7) ^iid (vi)(e). 



Fi ~ C ~ d. Moreover by 2.3(i) the polynomial g\. G C[y, z] is irreducible and 



^^That is (1.27) for any A G C, the specialization p\ G C[j/, of p is a variable. 
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gx^{0) — Ci ~ C, whence by the Abhyankar-Moh-Suzuki Theorem it is a variable 
of the polynomial ring C[y, z]. Thus p\. — g\. E C[y, z, u] is a variable as well. Now 
(v) follows. In the remaining case where /horiz = const the proof is similar (but 
simpler) and left to the reader. 

Next we prove (iii)^(ii). We notice first of all that under the condition (iii), the 
hypersurface X is smooth and irreducible (indeed, for every A e C we have 

gradpA = pr ((gradp)A) with pi : {x,y, z,u) i — >{y,z,u)). 

Similarly, under the condition (iv) every fiber Xf^ {fi G C) is smooth and irreducible. 

Actually we establish (iii)^(i), which at the same time shows (iv)^(ii). Together 
with the implication (i)=>(iv) (which we already know) these yield (iii)^(ii), as 
needed. 



To prove the implication (iii)=>(i), in virtue of 1.7 it is enough to show that a 
smooth, irreducible 3-fold X satisfying (iii) is acyclic. Let U — C\V be a Zariski 
open subset such that over U, the morphism x\x : X ^ C is a smooth fibration 
(with the fibers diffeoniorphic to M*). In the notation of 1.9 we let X ^ X, Y ^ 
Y = C^, E = {x\x)'''^{V) C X and I) = x-'^{V) C Y. It is easily seen that the 
induced homomorphisms 

{x\^^^),:H4X\E)^H4C\V), 
(xly^f,). : H4Y\D) ^ H4C\V) , 

and hence also 

{a\^^^), : H4X\E) ^ K4Y\D) 
are isomorphisms, as well as 

(a|^), : H.,{E) H,{b) 
(indeed, Ho{E) = Z'^'^''^ v ^ Hq{D) and the senior homology are trivial). Thus the 



conditions (i) and (ii) of |1.9| arc fulfilled, and so by |l.9 

CT* : H^{X) H4Y) 

is an isomorphism. Therefore, the 3-fold X = X is acyclic. This completes the 
proof. □ 

Re mark 3.2 2. For another proof of the implication (iii)^(i) which do not use 



see 4.23, 4.24 below 



3.23. If the polynomial p £ is linear with respect to two (and not just one) 



variables we have a much stronger result (see 3.24 below). It is an analog in dimen- 
sion 4 of Theorem 7.2 in jl5| generalizing Sathaye's Theorem [Q. For a polynomial 
ip £ C[x, y] we let :— V{lp) C C^. Also, we use below the variable v instead of z 
to emphasize the symmetry of the situation. 

Theorem 3.24. For a hypersurface X <Z given by an equation 

(32) p — a{x, y)u + b{x, y)v -f c{x, y) = d{au + bv) + c = 

with a,b,c,d G C[a::,?;], d 0, (a, 6) ^ (0,0) and gcd(a, 6) — I, in appropriately 
chosen new {x,y)- coordinates the following conditions (i')-(v') are equivalent. 

(i') The 3-fold X is irreducible, smooth and acyclic. 
(ii') X~C3. 
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(iii') The polynomial p G Cl"*' is a residual x-variable. 
(iv') p € C[a;][^l is an x-variable. 

(v') d g C[a;], gcd(c, d) = 1, Fq n F;, C Td, and for every root x = Xi of d (i 
1, . . . , deg d) we have 

(33) c^M=c{x,,y)eC*y + C. 



Proof. The strategy of the proof is as foUows. In virtue of 3.21 the conditions (ii') 



and (iii') are equivalent to each other and to the other conditions of 3.21. The 



equivalence (iii')^^=^(iv') will be established later on in ^j(b). By 2.11 we have 



(i')=^>2.11(a)-((5). We show below that (i') also implies the condition (e) of 3.21(vi). 
In virtue of |3.21 this yields the implications (i')=^3.21 (vi) <;=4>(ii')=^(i'), and so 



gives (i')<^=>(ii'). Finally we show (iii')<;=4'(v'), which concludes the proof. 

Interchanging (if necessary) the roles of u and v we may suppose in the sequel 
that a ^ 0. 

(i')=4>(e). We observe (see O) that for p as in (|3|), Csiant = Fsia„t = 0, 



whence Cnon-horiz = C'vert is smooth. And it was shown in the proof of 3.1C that if 
Fnon-horiz is singular then Fnon-horiz = Fsiant. Henccforth in our setting Fnon-horiz 
is also smooth, that shows (e). 

(iii')=>(v'). As X is irreducible we have gcd(c, d) — 1. Letting q p — c we fix 
a point P — [xq, yo) such that 

qp = d{xo,yo){a{xo,yo)u + b{xQ,yo)v) = 0. 

It is easily seen that 2/ -j/o divides Pa:o -c(a;o,yo) ^ Qxo + [cxo - cixo,yo))- ^.s Px„ e 
Varc[2/, u, v] we obtain that q^^ = and - c(xo, yo) = c^o - ^i^o, Uo) = K{y ~ yo) 
with K € C*, as needed in (p3[). As gcd(a,6) = 1, from q^g = we get d^g = 0. 
Thus for every root (xq, j/q) of d = we have d^g = 0, which means that d g C[a;]. 
Moreover, for every root (xq, yo) of a = 6 = we also have d^^ = 0, which shows 
the inclusion F^ n F^ C F,; and gives (v'). 

(v')=>(iii'). In view of ( |33| ) for every root Xi oi d {i ^ h + 1, . . . , n), px^ = Cx^ G 
VarcC[j/] C VarcC[?/, u, v]. Let further A e C and d{\) ^ 0. As by (v'), FaOFf, C F^ 
we have gcd(aA, 6a) = 1, whence r\a\ — s\bx = 1 for certain polynomials r\, s\ G 
C[y]. As the matrix 

aA bx 
s\ rx 



A. = 



is invertible over the ring C [y] , the mapping 

a : {u,v) I — > (ui^vi) Axiu,v) 

induces a C[?/]-automorphism of C[2;]['u, v] with a{px) = d{X)ui+c\ G VarcC[2;, u, v]. 
Thus (iii') follows. □ 

4. Simple birational extensions of C'^l as variables in 

4.1. Partial positive results. We recall the problem stated in the Introduction. 

4.1. Problem. Is it true that if a hypersurface X C_ with equation of the form 

p := fix, y)u + g{x, y, z) = (where / G C[^1\{0} and g G C'^l) 

is isomorphic to C"^ then necessarily p G VarcC^ and moreover, p G VarsSl^l (that 
is, p is an x-variable) provided in addition that /non-horiz £ B :— C[x] ? 
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The principal results of this subsection can be summarized as follows. 



Theorem 4.2. The answer to 4-1 is positive in each of the following cases: 

(a) feC[x]. 

(b) deg,g<l. 

(c) /vert = 1- 

(d) /horiz = /horiz- 

The proof is given in 4.15| below. From 12(c),(d) we obtain the following corollary. 



Corollary 4.3. If in ^.1, f — f^^ with fi G C[x,y] irreducible then p is a variable. 



4.4. By [3^21 
L27| ). 
true. 



Thus 



(v) we may suppose that p as in 4.1 is a residual x- variable (see |l.25 , 
4.1 would be answered in positive if the following conjecture were 



Conjecture 4.5. If p G C^"! is a residual Xi-variable (that is, 

px p{X, X2, . . . , x„) G VarcC["-il VA G C) 

then p is an Xi-variable: p G Varc[a;j]C[a;i]["~"'"l. 

In 4.6|-4.8 below we analyze the situation with the only assumption that p ~ 
fu + g is a residual x- variable. First in |4.6| we include the case where / = 0, then 



4.7 we deal with the special case where / G C[x]\{0}, whereas the general case 



is treated in |4.q . 

Proposition 4.6. Let X be a smooth affine surface and ip : X C be a morphism 
with — C VA G C. Then the following hold. 

(a) X ~ C2. 

(b) Furthermore, if X = spec (C['^l/(g)) with g G C^^l = C[x,y,z] and ip = x\x 
then g is an x-variable. 

(c) Consequently, a residual x-variable g G ^[x,y,z\ is an x-variable. 



Proof, (a) The fact is well-known (e.g., cf. |2^, Thm. 2.2.1]); nevertheless we 
indicate the proof. First extending ip : X <C io a, projective morphism (p -.V 
of a smooth ruled surface V , we then pass to a smooth relatively minimal model 
of (V, (p) by contracting successively the superfluous components of the reducible 
fibers of (p different form the closures of the original fibers of ipj (this is always 
possible, see e.g. Lemma 7], Lemma 3.5] or Lemma 1.4.1(6)]). Thus 
we obtain (as a completion of the original family) a Hirzebruch surface tt : S„ — > 
with a section s : ^ I]„ 'at infinity', so that X = S]„\(s(P^) UFqo). By means of 
elementary transformations over the point oo G P^ we replace with 'Sq =F^ x P^ 
and s(P^) with a constant section, say, Cq. This yields the desired isomorphism 
X = Eo\(CoUFoo)~C2. 

(b) By (a) there is an isomorphism 

-f:C[x,y,z]/{g)^d'^=C[x,y]. 

^■^Proposed by the second author. 

^^Moreover, g G C[x,y,z] is a residual x'- variable of the ring C[a;] [j/, z, -u] iff it is an x-variable. 
Indeed, this follows from (c) and the cancellation for curves: T X C ~ T ~ C. 



40 SHULIM KALIMAN, STEPHANE VENEREAU, AND MIKHAIL ZAIDENBERG 

Letting h :— 7(2;) G C^^l, by our assumption we obtain: 

d^^/{h) - C[x,y,z]/{g,x) - C[(^*(0)] = . 

Hence by the Abhyankar-Moh-Suzuki Theorem, up to an automorphism of C[x,y] 
we may suppose that h = x i.e., 

^■.C[x][y,z]/{g)^C[xp. 

Now it follows from the generalized version of the Abhyankar-Moh-Suzuki Theorem 
p9| Thm. 2.6.2] that g is an x-variable, as stated. 

(c) immediately follows from (a) and (b). □ 

Proposition 4.7. //p = + y, z) e (with f e ClxWiO} ) is a residual 
x-variable then actually it is an x-variable. 

Proof. As M -|- g{x, y, z) is an x-variable, by 1.30| (a) so is p = fu + g. □ 

Proposition 4.8. If p = f{x,y)u + g{x,y,z) E C[x][y,z,u] with f ^ C[x] is a 
residual x-variable then p can be written as follows: 

(34) p = q[rfu + goy^ + giz + T'^'^.gaz^] + ao + aiy , 

where 

• q^,r,ao,ai e C[x], f,go,gieC[x,y], g2 e C[x,y,z], 

• f ^^{^) 91^(0) is a finite subset ofq^^{0) x Cj^, and 

• for every root xq of r , q{xo)f{xo,y) G C. 

The proof is done in [4.1l| below. 

Corollary 4.9. If p = f{x,y)u'hg{x,y,z) G C[a;][2/, z, u] is a residual x-variable 
then it is a C(x)-variable o/C(x)['^l. 



Proof. As a C[a;]-variablc is also a C(a;)-variable, by 4.6 and 4.7 we may suppose 
that / ^ C[a;], and so 18 applies. Let p be presented as in (^^. As /~^(0) 05^^(0) 
is finite, the polynomials qrf, qgi G C[a:,j/] regarded as elements of B := C{x)[y] 
are coprime. Moreover the polynomial f^'^^g2Z^ G B[z\ is nilpotent mod (qrf), 
and so by 1.29 (a), p = fu + g e Var_B_B[z, m]. □ 

The proof of |4.8| relies on the following lemma (cf . ^ ^ ) . 

Lemma 4.10. Let p = f{y)u + g{y, z) be a variable of C[?;, z, u] . 

(a) If f =/= then p is an y-variable, and it can be written as follows: 

p = .f{y)u + go(2/) + 9i{y)z + f'''\y)Uy. ^)^' 

with gcd(/,gi) = 1. 

(b) If f — then the coefficient of the highest order term in z of p (which d priori 
is a polynomial iny) is constant, unless deg^ 5 < 0. 

Proof, (a) The statement is evidently true if / = const. Suppose that / ^ C. By 
our assumption 'C^^^/{p) = C'^'. If ?/i G C is such that f{yi) = 1 then we have 

€.[y,z,u\/{f{y)u + g{y,z),y-yi) = <C[z,u]/ {u + gy^{z)) = C'^l 
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By the Abhyankar-Moh-Suzuki Theorem, the same is true for every value of y. In 
particular, for any root yo of / we have 

C[y, z, u]/{f{y)u + g{y, z),y-ya) = C[2;, u]/ {gya{z)) C^^l . 



Therefore deg^ (7j,o (z) = 1, p — fu + g has the desired form, and by 1.29(a) (with 
B :— C[y]) it is an y- variable. 



(b) In the course of the proof of 1.3C we have noticed that the polynomials 



of C[y,z] which are variables of C[y,z,u\, are actually variables of C[y,z]. Thus 
g £ VarcC[?/, z], and so the statement (b) is well-known (e.g., see □ 



4.11. Proof of Proposition It is easily seen that the polynomial p = fu + g £ 
C[x][y, z, u] admits a presentation 

(35) p = q[fu + goy'^ + giz + g2Z^] + oq + aiy 

with ao,ai G C[a;], f,gQ,gi € C[x, y], §2 G C[x,y,z] and with q G C[x] being a 
monic polynomial of maximal degree such that (js^) holds. Clearly, 

q'^{0) = L{p) {xo e C I = f{xo,y)u + g{xo,y, z) E Cy + C} 

(possibly, this set is empty, and then we put q :— 1). As by our assumption, 
f ^ C[x] the subset 

K = K{f ) := {A e C I /A(y) G C} = ^-^(O) U {A e C | h{y) e C} C C 

is finite. We let xq e C\K{f). The specialization p^a being a variable of C[y, z, u], 



by |4.10| (a) we have gcd{f{xo,y),gi{xo,y)) = 1, whence / ^iO)ng^ ^(0) CKxCy. 



Since by [4.1C| (a), Pxg G C[j/, z, u] is a residual y-variable, the equality /(xq, yo) = 
imphes that deg^ gxo,yo{z) — 1, whence also 52(2^0,2/0,^) = 0. It follows that 

f-\0)\{K X Cy) C -g,\0) . 

It is easily seen that / e C[a;,?;] admits a factorization f{x,y) = r{x)f{x,y) such 
that r-i(O) C K and /^HO) n (i^T x C^) is finite. Then we have 

r\0)\iKxCy)C-g-\0). 

Passing to the Zariski closures we obtain 

f-'{0)^92\0) i-e., 92 = r%- 
Now ( p5| ) yields a desired presentation (|3^). As r~^(0) C K{f ), by the definition of 
K{f) for every root a;o of r we have q{xo)f{xo,y) G C, and so it remains to check 
that /"Ho) n 5r^(0) is a finite subset of g"^(0) x C^. 

We already know that /~^(0) n^f ^(0) is a finite subset of K x Cy. Suppose that 
there is a point 

{^o,yo) e [f~\Q)n~g^\Q)]\q~\Q). 

Then xq £ K{f)\q^^{0), whence f{xQ,y) G C, and so 

f{xo, y) = f{xQ,yQ) = r{xo)f{xo, yo) = . 

By our assumption, 

Pxo = q{xo)[go{xo,y)y'^ + gi{xo,y)z + f'"^{xo,y)g2{xo,y,z)z'^] + ao{xo) + ai{xQ)y 



is a variable of C[y, z, u], and thus also of C[y, z]. Hence by 4.10(b), /'""^(xo, y) — 
f''^{xQ,yo) = 0, and then again by |4.10K b), gi{xQ,y) = gi{xo,yo) = 0. Therefore, 



Pxo G is a variable, whence q{xQ) = 0, a contradiction. □ 
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Remark 4.12. In the notation of 4.8, ii p — fu + g = qrfu + g is a residual x- 
variable then also qfu + g is so. Moreover by 1.30| (a), if qfu + g is an a;-variable 
then p ~ fu + g is so as well. 



Lemma 4.13. Let p — fu + g <C[x] [y, z, u] be a residual x-variable presented as 
in ///~^(0) n gi^{0) = then p is an x-variable. 



Proof. By 1.12| we may put in (34) r = 1. In virtue of 1.29(a), the polynomial 

P f{x, y)u + go{x, y)y^ + 51(2;, y)z + /'""^(x, y)g2{x, y, z)z^ 

is an (x, ?/)-variable i.e., there is an automorphism a G AutB_B[z,u] (with B := 
C[x,y]) such that a{u) = p (indeed by our assumption, gi is invertible mod / in 
B). Furthermore by our assumption, for every root xq of q the specialization 

Pxa = f{xQ,y)u + g(xo,y,z) = ao{xo) + ai{xo)y e C[y,z,u] 

is a variable. Consequently, ai{xQ) 7^ 0, and so gcd(g, ai) = 1. It follows that there 
is an afhne automorphism /? G Autc[2:]C[a;][y, u] such that 

Piy) = + ao{x) + ai{x)y . 

Now af3 e Autc[j.]C[a;] [y, z, u] is such that 

af3{y) = qp + ao{x) + ai(x)y = fu + g =p, 

as desired. □ 



Lemma 4.14. Ifp — f{x,y)u + g{x,y,z) is a residual x-variable of degree at most 
1 in z then it is an x-variable. 



Proof. It follows from 4.8 that if / ^ C[a;] then in ( |3^ ) gi ^ (indeed, otherwise 
/^^(O) n gi^{0) cannot be a finite subset of ^""^(O) x <Cy). Thus if deg^ < then 
/ G 'C[x\, and so the statement follows from f?^. 



If deg^ 5 = 1 then by [4.8| p = fu -\- g can be written as follows: 

p = q{x)[r{x)f{x,y)u-i-go{x,y)y^-\-gi{x,y)z] + ao{x) ai{x)y 

with /~^(0) n gi^{0) being a finite subset of ^"^(O) x Cj,. By 4.12| we may assume 
that r — 1. 

We proceed by induction on the intersection index n :— /*(0) ■ gl{0). If n = 
then the statement follows from 4.13. Suppose that n > 1. 



Let xo & q (0) be a coordinate of an intersection point {xo,yo) & f (0) n 
g^^{0). Up to a translation we may suppose that Xq — 0. As 

min{degygi(0,y),degj^ /(0,y)} > 

we may write 

5i(0, y)z + /(O, y)u = d{y){a{y)z + b{y)u) , 

where gcd(a,5) ~ 1. Hence there is a linear automorphism 7 G A\xtBB[z,u\ (with 
B C[x,j/]) such that j{a{y)z + b{y)u) = z. It is not difficult to verify that 
applying 7 amounts to: 

Jac(7) 
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for certain f,g € B (where Jac(7) is the Jacobi matrix of 7), and hence 

l{p) = lifu + g) = q{x)[xf{x,y)u + go{x,y)y^ +gi{x,y)z] + ao{x) + ai{x)y . 
In view of the equahty of ideals: 

{91, xf) = {gij) , 
for the intersection indices we have: 

gm-{xfnO)^~gm-f*{0)^n, 

therefore 

gm-rio)<n~i. 

Now in virtue of |4.12| , 

P ■= q{x)[f{x,y)u + ga{x,y)y^ +gi{x,y)z] + aa{x) + ai{x)y 

is a residual x- variable. Hence by the inductive hypothesis, it is also an x- variable. 
Again by 4.12 , so are 7(p) and p = }u + g as well. The induction step is done, so 
the proof is completed. □ 



4.15. Proof of Theorem 4_±- By 3.2l| (v),(vi) we may suppose that p = fu + g 
is a residual i-variable and /non-horiz G C[x] (cf. 4.4). Thus we must show that 
actually, under each of the assumptions (a)- (d) p is an x- variable, 
(a) (resp., (b)) immediately follows from 4.7 (resp., 4.14 ). 

(c) We write the polynomial p = fu + gin the form (|34|). The assumption 
= 1 implies that g~\( 0) = 0, and hence /"^(O) n .gr^(O) = 0. Now the 

conclusion follows from 4.13| . 

(d) As by our assumption, /horiz = /horiz have / = /"'^. In view of 4.12 we 
may suppose that r = 1 in (p^), and so p can be written as follows: 

P = fu + g = q[fu + goy'^ + giz + fg2Z^] + Oq + aiy . 

The C[a;, y, zj-automorphism u 1 — > u — z'^g2{x,y,z) transforms p into a residual 
variable of degree at most 1 in z. Now the conclusion follows from (b). □ 

The following result extends our list of variables p = fu+g beyond those provided 
inO 



Proposition 4.16. Let p ^ fu + g e OS in (teJj be a residual x-variahle. If 
gi G C[x] and g2Z^ — g2{x,y,gi{x)z,u) S C[a;] [y, ^iz] then p is an x -variable. 



Proof. By [4.12| we may suppose that r = 1 in (|3J), and so p = p{x,y,gi{x)z,u), 
where the polynomial 

(36) p := q[fu + -gay^ + z + r'^g2] + + a^y 

still is a residual x-variable. Indeed by our assumption for any A G C\gi^{Q), 

px = px[y. z/~gi{\), u) G VarcCl^l . 

For xq e (7j^^(0), either q{xf)) — and then by the assumption, px^ — ao(a;o) + 
ai{xa)y = pxo € VarcC'^l, or q{xo) =/= and then again, in virtue of 1.29(a), 
pxo G Va,iBB[z,u] with B := C[y]. It follows from 4.13 that the polynomial p 
as in ( p6[ ) is an a:- variable. Hence by 1.30(a) (with z playing the role of u) so is 
p — p{x,y, gi{x)z,u) as well. □ 
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Example 4.17. The polynomial 

p := y + x{xz + y{yu + z'^)) G 
is an variable. Indeed p = p{x, y, xz, u), where by 1.29(a), p :— y+x{z+y{yu+z'^)) 



X- variable as well, and so 4.16 applies 



is a residual a;-variable (and hence by 4.13 is an a;-variable). Therefore, p is a residual 



4.18. To conclude, we would like to rise the following question. It concerns a 
(probably simplest) example of a residual x-variable of C^^^ which does not fit any 
of the assumptions [4.2| (a)-(d) or 4.16| . 



Question: Is the polynomial p — y + x{xz + y{yu + z^)) G C'^l a variable? 

4.2. Simple modifications of C'' rectifiable in C^. The following definitions 
are inspired by 

4.19. Let i? be a commutative ring. We say that p G i?'"! is a B-hyperplane if 
-S'"V(-P) ~ We say that p defines a B-hyperplane fibration if p — A is a 

-B-hyperplane for every X G B. 

li B = <C OT B = <C[x] we simply say hyperplane resp., x-hyperplane instead of 
B-hyperplane. 

Notice that an x-hyperplane p{x, yi, ■ ■ ■ ,yn) & C[x][yi, ■ ■ ■ , yn] becomes a hyper- 
plane Pxaivi^ • • • iVn) for every fixed x — Xq G C. A polynomial p with the latter 
property is called a residual x-hyperplane. 



4.20. Observe 16, |3^ that a polynomial p — f{x, y)u + g(x, y, z) G IS a 
residual x-plane if and only if it is a residual x- variable, and henceforth, if and only 
if it defines a residual x-plane fibration. 

4.21. We say that two polynomials p, q € B[yi, • • • , ?/„] are 1-stably equivalent if 
for an automorphism 7 G AutB_B[?;i, • • • , j/„, v]. 



4.22. For instance, with this terminology 1.31(b) says that y -\- ap{y) with a G 
B, p £ B[y] is 1-stably equivalent to y -\- p{ay), and moreover if a^\p{0) then 
y + apijj) is 1-stably equivalent to y -\- p{a^^^ y) / . 

Theorem 4.23. Let p = f{x,y)u -\- g{x,y, z) G C^^l be a residual x-plane. Then it 
is 1-stably equivalent to an x-variable. Consequently, p defines an x-plane fibration, 
and each fiber X\ := {p = A} (A G C) of p is a 3-fold in isomorphic to which 
can be rectified in C^. 



Remark 4 .24. Notice that 4.23| pr ovid es yet another proof of the implication 



(iii)^(i) of 3.21 which does not need 1.7. Indeed, it proves (v)^(i) while (iii)=>(v) 
is observed in 4.20| above. 



In the proof of 4.23 (see 4.26| below) we use the following lemma. 



Lemma 4.25. If p G C[x,y,z,u] \ C[x,y] is a residual x-plane then it is 1-stably 
equivalent (under an automorphism 7 G AntBB[y,v] with B := C[x,z,u]) to a 
polynomial p G C[x][j/, which is still a residual x-plane and such that for every 
xo G C, pxoiy,z,u) ^C*y + C. 
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Proof. As p ^ C[x,y], the subset 

L{p) {xoeC\ e C*y + C} =: {x,, • • • , a;„} C C 

is finite. The proof proceeds by a descending induction on n =cardL(p). 

If cardL(p) = there is nothing to prove. Suppose that n > 0, and let a;„ = 0. 
Then there exists an affine automorphism r g Autc[2:]C[a;] [y] C A\it£)D[y] (where 
D :— C[x, z, u, v\) such that t{p) = y + xp, where p € C[a;, y, z, u] and 0, 0, 0) = 

0. Indeed, up to an affine automorphism of C[y] we may assume that p(0, y, z,u) = y 

1. e., p = y + xp with p S C^^\ and then we apply the shift y i — > y — xp{x, 0, 0, 0) to 
obtain t{p) = y + xp with p := p — p{x, 0, 0, 0). 

The polynomial p G admits a presentation: 

p = yqi{x,y,z,u) + x''{xq2{x, z,u) + q3{z,u)) . 

As by our assumption for every fixed x € C the polynomial t{p) — y + xp ^ C[x, y] 
is irreducible, we have xq2 + 93 ^ 0, and thereby q^ ^ 0. Furthermore, 

= 0, 0, 0) = a;'^ (a;g2(x, 0, 0) + 93(0, 0)) = 93(0, 0) , 



whence 93 ^ C. Now by 1.31(b) (cf. 4.22| above) there exists an automorphism 



a € AutB-B[y, v] (with B — C[x, z, u]) such that 

it , - ^\ I , pix,x''+^y,z,u) 
a[{y + xp,v)) = (yH ,v) . 

Letting 7„ := ar we obtain: 

lni{p,v)) = {Pn,v) , 

where p„ := y + p{x,x^''^^y,z,u)/x''. We have: 

x^+^yqi{x, x'^+^y, z, u) + x^{xq2{x, z, u) + q-i{z, u)) 



Pn 



y + xyqi{x, x y, z, u) + xq2{x, z, u) + 93(2, u) 



IIencep„(0,?/, z,u) = y+q3{z,u) G VarcC[y, with 93 ^ C, and sop„(0, y, z, u) ^ 
C*y + C. In other words, 

O^Xn^ L{p,,) := {A e C I {pn)x e C*y + C} C C . 

Now the induction step and the proof of the lemma are completed by the following 

Claim, (a) i(p„) = {xi, ■■■ , Xn-i} = L(p)\{x„} . 
(b) Furthermore for any xq ^ 0, (pn)xo S C[y, is a plane. 

Proof of the claim. |^ It is enough to show that for every xq ^ there exists an 
affine automorphism P^o G AutcC[y] C Autcj^ „]C[z, u] [y] such that 

(37) f3xoiPxo)=Xo + ^{pn)xo- 

Indeed, we have: 

(38) XQ + ^{pn)xo = Xg'^^y + XoPa:o{Xo'^^y, z,u) . 



15 



Alternatively, (b) also follows from existence of a C[a:: ]-isomorphismC[a;]Pl/(p) S C[x]M/(p). 



see 1.32(b) 



46 SHULIM KALIMAN, STEPHANE VENEREAU, AND MIKHAIL ZAIDENBERG 

Consider the linear automorphism : y ' — > a^o^^y extended to C[2:,m][2/] in a 
natural way. From ( ^8| ) we get: 

where rj;^ denotes the specialization of r at xq. Thus we obtain ( |3^ ) with /S^;,-, := 
o'ajo'^ajo ^ AutcC[y] extended to C[z,u][?/]. Hence p^jo S C*?; + C if and only if so is 

iPn)xo- □ 



4.26. Proof of Theorem \4.2S( . If / = then in virtue of |JKc) and the Abhyankar 



Moh-Suzuki Theorem, p itself is an s-variable. 



If / ^ then by 4.25 , p ^ fu + g is 1-stably equivalent to a polynomial p e 
such that 

(39) {Ae C Ipa e C*2/ + C} = 0. 



It is easily seen that the polynomial p as constructed in the proof of 4.25 still has 



the form p — fu + g with / g C[x,y] and g € C[x,y, z]. It follows from (p9[) that 



/^g^j = 1. As p is also a residual a;-plane, by 4.2(c) it is an x- variable. Consequently, 

C[x][y,z,u]/{p) = C[x][y,z,u,v]/{p,v)^C[x][y,z,u,v]/{p,v) 

- C[x][y,z,u,v]/{u,v)^C[x]i^^. 

Hence p is an x-plane. In view of ^ the same arguments work for every 'fiber' 
p — Xofp = fu + g (with A G C[a;]). Therefore p = fu + g defines an a;-plane 
fibration. □ 

4.3. On Sathaye- Wright's Theorem. Recall that the Sathaye Theorem on lin- 
ear planes |^ cited in the introduction was generalized by D. Wright |^ for the 
embeddings C'^ ^ of the form p = f{x, y)u^ + g{x, y) = 0, and further general- 
ized in for the acyclic surfaces in C'^ of this type. Here we prove the following 
theorem (based on the latter result). 

Theorem 4.27. If p — f{x,y,z)u"' + g{x,y,z) e (with n > 2) is a residual 
x-variable then it is an x-variable. 

Proof. By Thm. 7.2], the polynomials / and g satisfy the following condition: 

(40) VA e C 3ax G AutcC[?/, z] and 3ip\ G C[y] such that 

fx^ax{(px) and gx^ax{z). 

Hence by |4.6| (c), g is an x-variable of C[x, y, z], and so we may suppose that g = z 
and a\ G Autciz]C[z][y]. Then yields: 

(41) VA G C 3qx G C[z] and 3ipx G C[y] such that 

fx ^ ax{(px) = fxiaxiy)) vx{y + q\) ■ 
Eventually, we prove below (by induction on deg^^ /) that for any polynomial / G 
Cl^l which satisfies (|^), we have: 

(42) f^^x,a{x)y + zQ{x,z)) 

with a G C[x], Q G C[a;,2:] and $ G C[x,y]. Therefore p = P{x, a{x)y, z,u) is 
a residual x-variable with P := ^{x,y')u + z £ Varc[j,]C[x][^l (where y' :— y + 
zQ{x,z)). Thus by pr30|(a), p is an x-variable, as stated. 
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If degy / < then (|l]) implies that f{x, y, z) = f{x, 0, 0) G C[x] and (||) follows. 
Assume further that deg^, / > 1. By ( ^ ) we have: 

5a/A(y, ^) = ifxYiy + qx{z)) ■ 

It follows that the polynomial dyf with deg^^ dyf — degy f — 1 also satisfies 
whence by the inductive hypothesis, 

dyf = a{x)y + zQ{x, z)) 

with a e C[a;], Q G C[a;, z] and $ € C[x,y]. Thereby, 

af = '^(x,a{x)y + zQ{x, z)) + zR{x, z) with ^'eC[a;,y] and i?GC[a;, z], 
where Qy^* = l>. If deg^ / = 1 = deg^^ '5 then 

df = '^o{x) + '^i{x)[a{x)y + zQ{x, z)] + zR{x, z) , 
and so a divides ^'o(a;) + '^i{x)zQ{x, z) + zR{x, z) i.e., 

^'o(a;) + ^i{x)zQ{x, z) + 2:it!(a;, z) = d{zQ{x, z) + $o) ■ 
It follows that 

/ = *i(x)y + zg(x,z) + $o 

has the desired form (^2|). 

Thus we may assume that deg^, f > 2. By (^TJ) for every A e C we obtain: 

(43) d{X)h = *(A, a(A)y + zQ{X, z)) + zR{\ z) = i{X)^x{y + qx{z)) , 
and so 

^{X, d{X)y - h{X)qx{z) + zQ{X, z)) + zR{X, z) = a{X)ipx{y) ■ 

As degj^ — degy / > 2 it follows that for every A € C such that deg^^ \I'(A, y) > 

we have deg^{zQ{X, z) — d{X)qx{z)) < 0, and so deg^ zi?(A, z) < as well i.e., 
i?(A, z) = for almost every A G C. Hence R = 0, and from ( |43[ ) 
we obtain: 

(44) df = ^{x,d{x)y + zQ{x,z)) . 

If Q = then / = ^{x,d{x)y)/d e C[x,y], as desired. If Q 7^ then (up to 
factorizing a{x)y + zQ{x,z) and changing appropriately \E'(a;,y)) we may assume 
that gcd (a, Q{x, z)) = 1. Putting in (^J) y — gives: 

d{x)f{x, 0, z) = ^'(a;, zQ{x, z)) . 

From this equality and the assumption that gcd (a, (3(a;, z)) = 1 it is not difhcult 
to deduce that d divides 5* in C[a;, y]. Thus from ( |44| ) with $ := \l'/d we get 

/ = ^{x, d{x)y + zQ(a::, z)) , 

as needed. □ 
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